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ARTICLE INFO ABSTRACT

PACS: We investigate the distribution of entanglement in a system of three interacting quantum particles
03.67.Bg modeled as coupled harmonic oscillators using the Schmidt decomposition formalism. This ap-
03.65.-w proach enables us to represent the multipartite quantum state as a sum of product states between
02.20.5v subsystems. The Schmidt coefficients precisely measure quantum correlations. By analyzing how
Keywords: these coefficients evolve as inter-oscillator coupling strengths vary, we reveal how entanglement
Three coupled harmonic oscillators is shared and redistributed across different bipartitions of the system. Through detailed numerical
Group SU(3) simulations, we identify coupling regimes that enhance, suppress, or destabilize entanglement,
Representation theory revealing the intricate structure of multipartite quantum correlations. Our findings provide valu-

Reduced density matrix
Purity function
Entanglement

able insights into controlling, and optimizing entanglement in networked quantum architectures.
They offer practical guidance for quantum information processing and communication protocols.
In the appropriate limit, our analysis naturally recovers known results for two coupled oscillators,
thus validating the generality of our approach.

1. Introduction

Entanglement is a uniquely quantum mechanical phenomenon with no classical analog that lies at the heart of many phenomena
in physics. It has been extensively studied in the context of bipartite systems, i.e., systems divided into two parts [1-5]. Many
investigations have been conducted on the entanglement properties of bipartite systems, including coupled harmonic oscillators
[6-8], spin systems [9,10], and itinerant particle models [11,12]. Recent works have also analyzed nonclassical photon statistics
and generation of bipartite entanglement in excited coherent states [13], in addition to single-mode Gaussian coherence [14]. For a
pure state of two parties, A and B, the Schmidt decomposition [15] provides the most useful quantification and characterization of
entanglement. This decomposition expresses the state as a unique superposition of product states involving the A and B subsystems.
The corresponding Schmidt coefficients quantify the amount of bipartite entanglement. Makarov studied the solutions of coupled
harmonic oscillators and their quantum entanglement [16]. As a result, the analytical solutions of the nonstationary Schrédinger
equation where derived and the explicit expressions for the Schmidt modes in both stationary and dynamical regimes are obtained.
Additionally, the quantum entanglement of the system is analyzed via Schmidt modes. It is found that, for certain parameter regimes,
the entanglement can become extremely large.

Multipartite entanglement, involving more than two parties, has a much richer structure than bipartite entanglement. It plays a
central role in quantum information tasks, such as quantum secret sharing [17,18]. Its complexity stems from the large number of
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$\omega _i$


$D_{ij}$


$m_i$


$\omega _i$


$i = 1, 2, 3$


\begin {align}\label {ham1} H = \sum _{i=1}^{3} \left ( \frac {p_i^2}{2m_i} + \frac {1}{2} m_i \omega _i^2 x_i^2 \right ) + \sum _{i\neq j=1}^{3} D_{ij} x_i x_{j},\end {align}


$p_i$


$x_i$


$D_i$


$\omega _i$


$D_{ij}$


$J_{ij}$


$SU(3)$


$\Sigma _i$


$(\vartheta _1, \vartheta _2, \vartheta _3)$


\begin {align}\label {ham2} H_ =\frac {1}{2m}\left ( {P_{1}^{2}}+{P_{2}^{2}}+{{P}_{3}^{2}}\right ) +\frac {m}{2}\left ( \omega _{1}^{2}X_{1}^{2}+\omega _{2}^{2}X_{2}^{2}+\omega _{3}^{2}X_{3}^{2}\right ) +m\left ( J_{12}X_{1}X_{2}+J_{13}X_{1}{X}_{3}+J_{23}X_{2}{X}_{3}\right ),\end {align}


\begin {align}\left ( \begin {matrix} x_{1}\\ x_{2}\\ x_{3} \end {matrix} \right )= \left ( \begin {matrix} \mu _{1}^{-1} X_{1}\\ \mu _{2}^{-1} X_{2}\\ \mu _{3}^{-1} X_{3} \end {matrix} \right ), \qquad \left ( \begin {matrix} p_{1}\\ p_{2}\\ p_{3} \end {matrix} \right )= \left ( \begin {matrix} \mu _{1} P_{1}\\ \mu _{2} P_{2}\\ \mu _{3} P_{3} \end {matrix} \right ),\end {align}


\begin {align}m={\left ( m_{1}m_{2}m_{3}\right )}^{\frac {1}{3}},\qquad \mu _{i}={\left ( \frac {m_{i}}{m}\right )}^{\frac {1}{2}},\qquad \mu _{1}\mu _{2}\mu _{3}=1,\qquad J_{ij}=\frac {D_{ij}}{2\sqrt {m_{i}m_{j}}},\end {align}


$i,j=1,2,3$


$H$


\begin {equation}\label {ham3} H=\frac {1}{2m}\sum _{i,j=1}^{3}P_{i}\delta _{ij}P_{j}+\frac {1}{2} m\sum _{i,j=1}^{3}X_{i}\mathcal {R}_{ij}X_{j},\end {equation}


\begin {equation}\mathcal {R}_{ij} =\left ( \begin {matrix} \omega _{1}^{2} & J_{12} & J_{13}\\ J_{12} & \omega _{2}^{2} & J_{23}\\ J_{13} & J_{23} & \omega _{3}^{2} \end {matrix} \right ) ,\qquad X\mathbf {=}\left ( \begin {matrix} X_{1}\\ X_{2}\\ X_{3} \end {matrix} \right ).\end {equation}


$SU(3)$


$\mathcal {R}_{ij}$


$\lambda _{i}$


\begin {equation}\label {Rij} \mathcal {R}_{ij} =J_{12}\lambda _{1}+J_{13} \lambda _{4}+J_{23}\lambda _{6}+\text {diag}\left ( \omega _{1}^{2},\omega _{2} ^{2},\omega _{3}^{2}\right ),\end {equation}


$(\vartheta _1, \vartheta _2, \vartheta _3)$


\begin {equation}\left ( \begin {matrix} X_{1}\\ X_{2}\\ X_{3} \end {matrix} \right ) = M \left ( \begin {matrix} y_{1}\\ y_{2}\\ y_{3} \end {matrix} \right ), \qquad \left ( \begin {matrix} P_{1}\\ P_{2}\\ p_{3} \end {matrix} \right ) = M \left ( \begin {matrix} \tilde P_{1}\\ \tilde P_{2}\\ \tilde P_{3} \end {matrix} \right ) \label {2444},\end {equation}


$M$


\begin {align}M&=e^{i\vartheta _3\lambda _{7}}e^{i\vartheta _2\lambda _{2}}e^{i\vartheta _1 \lambda _{5}}\\ &=\begin {pmatrix} \cos \vartheta _1\cos \vartheta _2 & \sin \vartheta _2 & \cos \vartheta _2\sin \vartheta _1\\ -\sin \vartheta _1\sin \vartheta _3-\cos \vartheta _1\cos \vartheta _3\sin \vartheta _2 & \cos \vartheta _2\cos \vartheta _3 & \cos \vartheta _1\sin \vartheta _3-\sin \vartheta _1\cos \vartheta _3\sin \vartheta _2\\ -\sin \vartheta _1\cos \vartheta _3+\cos \vartheta _1\sin \vartheta _2\sin \vartheta _3 & -\cos \vartheta _2\sin \vartheta _3 & \cos \vartheta _1\cos \vartheta _3+\sin \vartheta _1\sin \vartheta _2\sin \vartheta _3 \end {pmatrix}.\label {MM}\end {align}


\begin {equation}\mathcal {R}_{ij} =M\text {{diag}}\left ( \Sigma _{1}^{2} ,\Sigma _{2}^{2},\Sigma _{3}^{2}\right ) M^{-1},\end {equation}


\begin {align}\omega _{1}^{2} & =\left ( \Sigma _{1}^{2}\cos ^{2}\vartheta _1+\Sigma _{3}^{2} \sin ^{2}\vartheta _1\right ) \cos ^{2}\vartheta _2+\Sigma _{2}^{2}\sin ^{2}\vartheta _2\label {o11},\\ \omega _{2}^{2} & =2\tfrac {\left ( \Sigma _{2}^{2}\cos ^{2}\vartheta _2+\left ( \Sigma _{1}^{2}\cos ^{2}\vartheta _1+\Sigma _{3}^{2}\sin ^{2}\vartheta _1\right ) \sin ^{2} \vartheta _2\right ) \cos ^{2}\vartheta _3+\left ( \Sigma _{3}^{2}\cos ^{2}\vartheta _1+\Sigma _{1}^{2}\sin ^{2}\vartheta _1\right ) \sin ^{2}\vartheta _3}{2}+\tfrac {\Sigma _{1} ^{2}-\Sigma _{3}^{2}}{2}\sin 2\vartheta _1\sin \vartheta _2\sin 2\vartheta _3\label {o22},\\ \omega _{3}^{2} & =2\tfrac {\left ( \Sigma _{3}^{2}\cos ^{2}\vartheta _1+\Sigma _{1}^{2}\sin ^{2}\vartheta _1\right ) \cos ^{2}\vartheta _3+\left ( \Sigma _{2}^{2}\cos ^{2}\vartheta _2+\left ( \Sigma _{1}^{2}\cos ^{2}\vartheta _1+\Sigma _{3}^{2}\sin ^{2} \vartheta _1\right ) \sin ^{2}\vartheta _2\right ) \sin ^{2}\vartheta _3}{2}-\tfrac {\Sigma _{1} ^{2}-\Sigma _{3}^{2}}{2}\sin 2\vartheta _1\sin \vartheta _2\sin 2\vartheta _3\label {o33}, \\ J_{12} & =-\tfrac {\left ( \Sigma _{1}^{2}-\Sigma _{2}^{2}\right ) \cos ^{2}\vartheta _1+\left ( \Sigma _{3}^{2}-\Sigma _{2}^{2}\right ) \sin ^{2}\vartheta _1} {2}\sin 2\vartheta _2\cos \vartheta _3-\tfrac {\Sigma _{1}^{2}-\Sigma _{3}^{2}}{2}\sin 2\vartheta _1\cos \vartheta _2\sin \vartheta _3\label {j12},\\ J_{13} & =\tfrac {\left ( \Sigma _{1}^{2}-\Sigma _{2}^{2}\right ) \cos ^{2}\vartheta _1+\left ( \Sigma _{3}^{2}-\Sigma _{2}^{2}\right ) \sin ^{2}\vartheta _1} {2}\sin 2\vartheta _2\sin \vartheta _3-\tfrac {\Sigma _{1}^{2}-\Sigma _{3}^{2}}{2}\sin 2\vartheta _1\cos \vartheta _2\cos \vartheta _3\label {j13},\\ J_{23} & =\tfrac {\Sigma _{1}^{2}-\Sigma _{3}^{2}}{2}\sin 2\vartheta _1\sin \vartheta _2 \cos 2\vartheta _3-\tfrac {\left ( \left ( \Sigma _{2}^{2}-\Sigma _{3}^{2}\right ) \cos ^{2}\vartheta _1-\left ( \Sigma _{1}^{2}-\Sigma _{2}^{2}\right ) \sin ^{2} \vartheta _1\right ) \cos ^{2}\vartheta _2+\left ( \Sigma _{1}^{2}-\Sigma _{3}^{2}\right ) \cos 2\vartheta _1\sin ^{2}\vartheta _2}{2}\sin 2\vartheta _3\label {j23}.\end {align}


$J_{ij}$


$i, j = 1, 2, 3$


$\omega _i^2 - \omega _j^2$


\begin {align}\tfrac {2J_{12}}{\omega _{1}^{2}-\omega _{2}^{2}} & =\tfrac {-\left ( \Sigma _{1}^{2}-\Sigma _{2}^{2}\right ) \cos ^{2}\vartheta _1\sin 2\vartheta _2\cos \vartheta _3+\left ( \Sigma _{2}^{2}-\Sigma _{3}^{2}\right ) \sin ^{2}\vartheta _1\sin 2\vartheta _2\cos \vartheta _3+\left ( \Sigma _{3}^{2}-\Sigma _{1}^{2}\right ) \sin 2\vartheta _1\cos \vartheta _2 \sin \vartheta _3}{\left ( \Sigma _{2}^{2}-\Sigma _{3}^{2}\right ) \left ( \sin ^{2}\vartheta _2-\cos ^{2}\vartheta _2\cos ^{2}\vartheta _3\right ) +\left ( \Sigma _{3}^{2} -\Sigma _{1}^{2}\right ) \left ( \sin ^{2}\vartheta _1\sin ^{2}\vartheta _3-\cos ^{2} \vartheta _1\cos ^{2}\vartheta _2+\cos ^{2}\vartheta _1\sin ^{2}\vartheta _2\cos ^{2}\vartheta _3+\tfrac {1}{2} \sin 2\vartheta _1\sin \vartheta _2\sin 2\vartheta _3\right ) }\label {A14},\\ \tfrac {2J_{13}}{\omega _{1}^{2}-\omega _{3}^{2}} & =\tfrac {\left ( \Sigma _{1}^{2}-\Sigma _{2}^{2}\right ) \cos ^{2}\vartheta _1\sin 2\vartheta _2\sin \vartheta _3-\left ( \Sigma _{2}^{2}-\Sigma _{3}^{2}\right ) \sin ^{2}\vartheta _1\sin 2\vartheta _2\sin \vartheta _3+\left ( \Sigma _{3}^{2}-\Sigma _{1}^{2}\right ) \sin 2\vartheta _1\cos \phi \cos \vartheta _3}{\left ( \Sigma _{3}^{2}-\Sigma _{1}^{2}\right ) \left ( \sin ^{2}\vartheta _1\cos ^{2}\vartheta _3-\cos ^{2}\vartheta _1\cos ^{2}\vartheta _2+\cos ^{2}\vartheta _1\sin ^{2}\vartheta _2\sin ^{2}\vartheta _3-\tfrac {1}{2}\sin 2\vartheta _1\sin \vartheta _2\sin 2\vartheta _3\right ) +\left ( \Sigma _{2}^{2}-\Sigma _{3}^{2}\right ) \left ( \sin ^{2}\vartheta _2-\cos ^{2}\vartheta _2\sin ^{2}\vartheta _2\right ) }\label {A15},\\ \tfrac {2J_{23}}{\omega _{2}^{2}-\omega _{3}^{2}} & =\tfrac {\left ( \Sigma _{3}^{2}-\Sigma _{1}^{2}\right ) \left ( \cos 2\vartheta _1\sin ^{2}\vartheta _2\sin 2\vartheta _3-\sin 2\vartheta _1\sin \vartheta _2\cos 2\vartheta _3\right ) -\left ( \Sigma _{2} ^{2}-\Sigma _{3}^{2}\right ) \cos ^{2}\vartheta _1\cos ^{2}\vartheta _2\sin 2\vartheta _3+\left ( \Sigma _{1}^{2}-\Sigma _{2}^{2}\right ) \sin ^{2}\vartheta _1\cos ^{2}\vartheta _2\sin 2\vartheta _3 }{\left ( \Sigma _{2}^{2}-\Sigma _{3}^{2}\right ) \cos ^{2}\vartheta _2\cos 2\vartheta _3+\left ( \Sigma _{3}^{2}-\Sigma _{1}^{2}\right ) \left ( \sin ^{2} \vartheta _1\cos 2\vartheta _3-\cos ^{2}\vartheta _1\sin ^{2}\vartheta _2\cos 2\vartheta _3-\sin 2\vartheta _1\sin \vartheta _2\sin 2\vartheta _3\right ) }\label {A16}.\end {align}


\begin {equation}H=\frac {1}{2m}\left ( \tilde P{_{1}^{2}}+ \tilde P{_{2}^{2}}+ \tilde P{_{3}^{2}}\right ) +\frac {m}{2}\left ( \Sigma _{1}^{2}y_{1}^{2}+\Sigma _{2}^{2}y_{2}^{2}+\Sigma _{3}^{2}y_{3}^{2}\right ) \label {ham4},\end {equation}


\begin {equation}H\mid n_{1},n_{2},n_{3}\rangle =E_{n_{1},n_{2},n_{3}}\mid n_{1},n_{2} ,n_{3}\rangle ,\end {equation}


\begin {equation}E_{n_{1},n_{2},n_{3}}=\hbar \left ( \Sigma _{1}n_{1} +\Sigma _{2}n_{2}+\Sigma _{3}n_{3}+\frac { \Sigma _{1}+ \Sigma _{2} +\Sigma _{3}}{2}\right ),\end {equation}


\begin {align}\label {statess} \psi _{n_{1},n_{2},n_{3}}\left ( x_{1},x_{2},x_{3}\right ) ={\left ( \frac {m\omega }{\pi \hbar }\right )}^{\frac {3}{4}}\frac {e^{-\tfrac {m}{2\hbar }\left ( \Sigma _{1}y_{1}^{2}+\Sigma _{2}y_{2}^{2}+\Sigma _{3} y_{3}^{2}\right ) }}{\sqrt {2^{n_{1} +n_{2}+n_{3}}n_{1}!n_{2}!n_{3}!}} H_{n_{1}}\left ( \sqrt {\tfrac {m\Sigma _{1}}{\hbar } }y_{1}\right ) H_{n_{2}}\left ( \sqrt {\tfrac {m\Sigma _2 }{\hbar }}y_{2}\right ) H_{n_{3}}\left ( \sqrt {\tfrac {m\Sigma _{3} }{\hbar }}y_{3}\right ),\end {align}


$n_{1}, n_{2}, n_{3}$


$H_{n_i}$


$i=1,2,3$


$(x_1, x_2, x_3)$


$(y_1, y_2, y_3)$


\begin {align}y_{1} & =\mu _{1}\cos \vartheta _1\cos \vartheta _2\ x_{1}-\mu _{2}\left ( \sin \vartheta _1 \sin \vartheta _3+\cos \vartheta _1\cos \vartheta _3\sin \vartheta _2\right ) x_{2}-\mu _{3}\left ( \sin \vartheta _1\cos \vartheta _3-\cos \vartheta _1\sin \vartheta _2\sin \vartheta _3\right ) x_{3}\label {422},\\ y_{2} & =\mu _{1}\sin \vartheta _2\ x_{1}+\mu _{2}\cos \vartheta _2\cos \vartheta _3\ x_{2}-\mu _{3} \cos \vartheta _2\sin \vartheta _3\ x_{3}\label {423},\\ y_{3} & =\mu _{1}\cos \vartheta _2\sin \vartheta _1\ x_{1}+\mu _{2}\left ( \cos \vartheta _1 \sin \vartheta _3-\sin \vartheta _1\cos \vartheta _3\sin \vartheta _2\right ) x_{2}+\mu _{3}\left ( \cos \vartheta _1\cos \vartheta _3+\sin \vartheta _1\sin \vartheta _2\sin \vartheta _3\right ) x_{3} \label {424},\end {align}


$\psi _{n_{1},n_{2},n_{3}}(x_{1}, x_{2}, x_{3})$


$J_{ij}$


$J_{ij} \ll 1$


\begin {equation}J_{ij}=\epsilon _{ij}\tilde {J}_{ij},\end {equation}


$\epsilon _{ij}$


$\epsilon _{ij}\rightarrow 0$


$\omega _i$


$J_{ij}$


\begin {equation}\omega _{i}^{2}-\omega _{j}^{2}=\epsilon _{ij}\left ( \tilde {\omega }_{i} ^{2}-\tilde {\omega }_{j}^{2}\right ).\end {equation}


\begin {equation}\Sigma _{i}^{2}-\Sigma _{j}^{2}=\epsilon _{ij}\left ( \tilde {\Sigma }_{i} ^{2}-\tilde {\Sigma }_{j}^{2}\right ).\end {equation}


$\epsilon _{12} = \epsilon _{23} = \epsilon _{13}$


\begin {align}& \tfrac {2\tilde {J}_{12}}{\tilde {\omega }_{1}^{2}-\tilde {\omega }_{2}^{2}}= \tfrac {-\left ( \tilde {\Sigma }_{1}^{2}-\tilde {\Sigma }_{2}^{2}\right ) \cos ^{2}\theta \sin 2\phi \cos \varphi +\left ( \tilde {\Sigma }_{2}^{2}-\tilde {\Sigma }_{3}^{2}\right ) \sin ^{2}\theta \sin 2\phi \cos \varphi +\left ( \tilde {\Sigma }_{3}^{2} -\tilde {\Sigma }_{1}^{2}\right ) \sin 2\theta \cos \phi \sin \varphi }{\left ( \tilde {\Sigma }_{2}^{2}-\tilde {\Sigma }_{3}^{2}\right ) \left ( \sin ^{2} \phi -\cos ^{2}\phi \cos ^{2}\varphi \right ) +\left ( \tilde {\Sigma }_{3} ^{2}-\tilde {\Sigma }_{1}^{2}\right ) \left ( \sin ^{2}\theta \sin ^{2}\varphi -\cos ^{2}\theta \cos ^{2}\phi +\cos ^{2}\theta \sin ^{2}\phi \cos ^{2}\varphi +\tfrac {1}{2}\sin 2\theta \sin \phi \sin 2\varphi \right ) } \label {200},\\ & \tfrac {2\tilde {J}_{13}}{\tilde {\omega }_{1}^{2}-\tilde {\omega }_{3}^{2}}= \tfrac {\left ( \tilde {\Sigma }_{1}^{2}-\tilde {\Sigma }_{2}^{2}\right ) \cos ^{2}\theta \sin 2\phi \sin \varphi -\left ( \tilde {\Sigma }_{2}^{2}-\tilde {\Sigma }_{3}^{2}\right ) \sin ^{2}\theta \sin 2\phi \sin \varphi +\left ( \tilde {\Sigma }_{3}^{2} -\tilde {\Sigma }_{1}^{2}\right ) \sin 2\theta \cos \phi \cos \varphi }{\left ( \tilde {\Sigma }_{3}^{2}-\tilde {\Sigma }_{1}^{2}\right ) \left ( \sin ^{2} \theta \cos ^{2}\varphi -\cos ^{2}\theta \cos ^{2}\phi +\cos ^{2}\theta \sin ^{2} \phi \sin ^{2}\varphi -\tfrac {1}{2}\sin 2\theta \sin \phi \sin 2\varphi \right ) +\left ( \tilde {\Sigma }_{2}^{2}-\tilde {\Sigma }_{3}^{2}\right ) \left ( \sin ^{2}\phi -\cos ^{2}\phi \sin ^{2}\varphi \right ) }, \\ & \tfrac {2\tilde {J}_{23}}{\tilde {\omega }_{2}^{2}-\tilde {\omega }_{3}^{2}}= \tfrac {\left ( \tilde {\Sigma }_{3}^{2}-\tilde {\Sigma }_{1}^{2}\right ) \left ( \cos 2\theta \sin ^{2}\phi \sin 2\varphi -\sin 2\theta \sin \phi \cos 2\varphi \right ) -\left ( \tilde {\Sigma }_{2}^{2}-\tilde {\Sigma }_{3}^{2}\right ) \cos ^{2}\theta \cos ^{2}\phi \sin 2\varphi +\left ( \tilde {\Sigma }_{1}^{2}-\Sigma _{2}^{2}\right ) \sin ^{2}\theta \cos ^{2}\phi \sin 2\varphi }{\left ( \tilde {\Sigma }_{2}^{2} -\tilde {\Sigma }_{3}^{2}\right ) \cos ^{2}\phi \cos 2\varphi +\left ( \tilde {\Sigma }_{3}^{2}-\tilde {\Sigma }_{1}^{2}\right ) \left ( \sin ^{2}\theta \cos 2\varphi -\cos ^{2}\theta \sin ^{2}\phi \cos 2\varphi -\sin 2\theta \sin \phi \sin 2\varphi \right ) } \label {211}.\end {align}


\begin {align}\label {abc} \psi _{n_{1},n_{2},n_{3}}\left ( x_{1},x_{2},x_{3}\right ) ={{\left ( \tfrac {m\varpi }{\pi \hbar }\right )}^{\frac {3}{4}}} \tfrac {e^{-\tfrac {m\varpi }{2\hbar }\left ( q_{1} ^{2}+q_{2}^{2}+q_{3}^{2}\right ) }} {\sqrt {2^{n_{1} +n_{2}+n_{3}}n_{1}!n_{2}!n_{3}!}} H_{n_{1}}\left ( \sqrt {\tfrac {m\varpi }{\hbar }}q_{1}\right ) H_{n_{2}}\left ( \sqrt {\tfrac {m\varpi }{\hbar }}q_{2}\right ) H_{n_{3}}\left ( \sqrt {\tfrac {m\varpi }{\hbar }}q_{3}\right ),\end {align}


$q_i$


$(\vartheta _1,\vartheta _2, \vartheta _3)$


$(\theta , \phi , \varphi )$


\begin {align}q_{1} & =\mu _{1}\cos \theta \cos \phi \ x_{1}-\mu _{2}\left ( \sin \theta \sin \varphi +\cos \theta \cos \varphi \sin \phi \right ) x_{2}-\mu _{3}\left ( \sin \theta \cos \varphi -\cos \theta \sin \phi \sin \varphi \right ) x_{3}\label {4222},\\ q_{2} & =\mu _{1}\sin \phi \ x_{1}+\mu _{2}\cos \phi \cos \varphi \ x_{2}-\mu _{3} \cos \phi \sin \varphi \ x_{3}\label {4233},\\ q_{3} & =\mu _{1}\cos \phi \sin \theta \ x_{1}+\mu _{2}\left ( \cos \theta \sin \varphi -\sin \theta \cos \varphi \sin \phi \right ) x_{2}+\mu _{3}\left ( \cos \theta \cos \varphi +\sin \theta \sin \phi \sin \varphi \right ) x_{3} \label {4244}.\end {align}


\begin {equation}E_{n_{1},n_{2},n_{3}}=\hbar \varpi \left ( n_{1}+n_{2}+n_{3}+\frac {3}{2}\right ),\end {equation}


$\varpi ={\left (\omega _{1}\omega _{2}\omega _{3}\right )}^{\frac {1}{3}}.$


\begin {equation}\psi _{n_{1},n_{2},n_{3}}^{ABC}\left ( x_{1},x_{2},x_{3}\right ) =\sum _{l,k,m=0}^{\infty }A_{n_{1},n_{2},n_{3}}^{k,l,m}\ \varphi _{k}^A\left ( x_{1}\right )\ \phi _{l}^B\left ( x_{2}\right )\ \chi _{m}^C\left ( x_{3}\right ) \label {244},\end {equation}


$\varphi _{k}^A\left (x_{1}\right )$


$\phi _{l}^B\left (x_{2}\right )$


$\chi _{m}^C\left (x_{3}\right )$


\begin {align}&\varphi _{k}^A\left ( x_{1}\right ) ={\left ( \tfrac {\sqrt {\tfrac {m\varpi }{\pi \hbar }}}{2^{k}k!}\right )}^{\frac {1}{2}}e^{-\tfrac {m\varpi } {2\hbar }\mu _1^2x_{1}^{2}}H_{k}^A\left ( \sqrt {\tfrac {m\varpi }{\hbar }}\mu _1x_{1}\right ), \\ &\phi _{l}^B\left ( x_{2}\right ) ={\left ( \tfrac {\sqrt {\tfrac {m\varpi }{\pi \hbar }}}{2^{l}l!}\right )}^{\frac {1}{2}}e^{-\tfrac {m\varpi }{2\hbar } \mu _2^2x_{2}^{2}}H_{l}^B\left ( \sqrt {\tfrac {m\varpi }{\hbar }}\mu _2x_{2}\right ), \\ &\chi _{m}^C\left ( x_{3}\right ) ={\left ( \tfrac {\sqrt {\tfrac {m\varpi }{2\pi \hbar }}}{2^{m}m!}\right )}^{\frac {1}{2}}e^{-\tfrac {m\varpi }{2\hbar } \mu _2^3x_{3}^{2}}H_{m}^C\left ( \sqrt {\tfrac {m\varpi }{\hbar }}\mu _3x_{3}\right ),\end {align}


\begin {equation}A_{n_{1},n_{2},n_{3}}^{k,l,m}=\iiint \psi _{n_{1},n_{2},n_{3}}^{ABC}\left ( x_{1},x_{2},x_{3}\right ) \ \varphi _{k}^A\left ( x_{1}\right )\ \phi _{l}^B\left ( x_{2}\right )\ \chi _{m}^C\left ( x_{3}\right ) dx_{1}dx_{2}dx_{3},\end {equation}


\begin {align}\label {AACC} A_{n_{1},n_{2},n_{3}}^{k,l,m}= &\frac {{\left ( \frac {m\varpi }{\pi \hbar }\right )}^{\frac {3}{2}} } {{\sqrt {2^{n_{1}+n_{2}+n_{3}+k+l+m}n_{1}!n_{2}!n_{3}! k!l!m!}}} \iiint dx_{1}dx_{2}dx_{3}\
e^{-\tfrac {m\varpi }{2\hbar }\left ( q_{1} ^{2}+q_{2}^{2}+q_{3}^{2}+ \mu _{1}^{2}x_{1}^{2}+\mu _{2}^{2}x_{2}^{2}+\mu _{3}^{2} x_{3}^{2} \right ) } \\ & H_{n_{1}}\left ( \sqrt {\tfrac {m\varpi }{\hbar }}q_{1}\right ) H_{n_{2}}\left ( \sqrt {\tfrac {m\varpi }{\hbar }}q_{2}\right ) H_{n_{3}}\left ( \sqrt {\tfrac {m\varpi }{\hbar }}q_{3}\right )H_{k}^A\left ( \sqrt {\tfrac {m\varpi }{\hbar }}\mu _{1}x_{1}\right ) H_{l}^B\left ( \sqrt {\tfrac {m\varpi }{\hbar }}\mu _{2}x_{2}\right ) H_{m}^C\left ( \sqrt {\tfrac {m\varpi }{\hbar }}\mu _{3}x_{3}\right ) \nonumber .\end {align}


$A_{n_{1},n_{2},n_{3}}^{k,l,m}$


\begin {equation}H_{n}\left ( \omega x\right ) =\frac {d^{n}}{dt^{n}}\left . e^{-t^{2}+2\omega xt}\right \vert _{t=0},\end {equation}


\begin {align}A_{n_{1},n_{2},n_{3}}^{k,l,m}= & \frac {{\left ( \frac {m\varpi }{\pi \hbar }\right )}^{\frac {3}{2}} } {{\sqrt {2^{n_{1}+n_{2}+n_{3}+k+l+m}n_{1}!n_{2}!n_{3}! k!l!m!}}} \iiint \tfrac {d^{n_{1}}}{dx^{n_{1}}} \tfrac {d^{n_{2}}}{dy^{n_{2}}}\tfrac {d^{n_{3}}}{dz^{n_{3}}}\tfrac {d^{k}} {dt^{k}}\tfrac {d^{l}}{ds^{l}}\tfrac {d^{m}}{dw^{m}} \left \{ e^{-\tfrac {m\varpi }{\hbar }\left ( \mu _{1}^{2}x_{1}^{2}+\mu _{2}^{2}x_{2}^{2}+\mu _{3}^{2}x_{3} ^{2}\right ) }\right . \nonumber \\ & e^{-x^{2}+2\sqrt {\tfrac {m\varpi }{\hbar }}\left [ \mu _{1}\cos \theta \cos \phi x_{1}-\mu _{2}\left ( \sin \theta \sin \varphi +\cos \theta \cos \varphi \sin \phi \right ) x_{2}-\mu _{3}\left ( \sin \theta \cos \varphi -\cos \theta \sin \phi \sin \varphi \right ) x_{3}\right ] x}\nonumber \\ & e^{-y^{2}+2\sqrt {\tfrac {m\varpi }{\hbar }}\left [ \mu _{1}\sin \phi x_{1}+\mu _{2}\cos \phi \cos \varphi x_{2}-\mu _{3}\cos \phi \sin \varphi x_{3}\right ] y}\\ & e^{-z^{2}+2\sqrt {\tfrac {m\varpi }{\hbar }}\left [ \mu _{1}\cos \phi \sin \theta x_{1}+\mu _{2}\left ( \cos \theta \sin \varphi -\sin \theta \cos \varphi \sin \phi \right ) x_{2}+\mu _{3}\left ( \cos \theta \cos \varphi +\sin \theta \sin \phi \sin \varphi \right ) x_{3}\right ] z}\nonumber \\ & \left . \left . e^{-t^{2}+2\sqrt {\tfrac {m\varpi }{\hbar }}\mu _{1} x_{1}t}e^{-s^{2}+2\sqrt {\tfrac {m\varpi }{\hbar }}\mu _{2}x_{2}s}e^{-w^{2} +2\sqrt {\tfrac {m\varpi }{\hbar }}\mu _{3}x_{3}w}\right \} \right \vert _{x,y,z,t,s,w=0}dx_{1}dx_{2}dx_{3}\nonumber .\end {align}


$x_{1},x_{2}$


$x_{3}$


\begin {equation}A_{n_{1},n_{2},n_{3}}^{k,l,m}=\tfrac {d^{n_{1}}}{dx^{n_{1}}}\tfrac {d^{n_{2}} }{dy^{n_{2}}}\tfrac {d^{n_{3}}}{dz^{n_{3}}}\tfrac {d^{k}}{dt^{k}}\tfrac {d^{l} }{ds^{l}}\tfrac {d^{m}}{dw^{m}}\left . \tfrac {e^{2a_{1}tx}e^{2b_{1}ty} e^{2c_{1}tz}e^{2a_{2}sx}e^{2b_{2}sy}e^{2c_{2}sz}e^{2a_{3}wx}e^{2b_{3} wy}e^{2c_{3}wz}}{\sqrt {2^{n_{1}+n_{2}+n_{3}+k+l+m}n_{1}!n_{2}!n_{3}!k!l!m!} }\right \vert _{x,y,z,t,s,w=0}\label {32},\end {equation}


\begin {align}&a_{1} =\cos \theta \cos \phi \label {333},\\ &b_{1} =\sin \phi \label {334}, \\ &c_{1} =\cos \phi \sin \theta \label {335}, \\ & a_{2} =-\sin \theta \sin \varphi -\cos \theta \cos \varphi \sin \phi \label {336},\\ &b_{2} =\cos \phi \cos \varphi \label {337}, \\ & c_{2} =\cos \theta \sin \varphi -\sin \theta \cos \varphi \sin \phi \label {338}, \\ & a_{3} =\cos \theta \sin \phi \sin \varphi -\sin \theta \cos \varphi \label {339},\\ & b_{3} =-\cos \phi \sin \varphi \label {330}, \\ & c_{3} =\cos \theta \cos \varphi +\sin \theta \sin \phi \sin \varphi \label {331}.\end {align}


\begin {align}A_{n_{1},n_{2},n_{3}}^{k,l,m} = & \tfrac {d^{n_{1}}}{dx^{n_{1}}}\tfrac {d^{n_{2}}}{dy^{n_{2}}}\tfrac {d^{n_{3}}}{dz^{n_{3}}}\tfrac {d^{k}}{dt^{k} }\tfrac {d^{l}}{ds^{l}}\tfrac {d^{m}}{dw^{m}} {\sum _{i_{1}, \cdots ,i_{9}=0}^{\infty }} \Big \{ \tfrac {t^{i_{1}+i_{2}+i_{3}}s^{i_{4}+i_{5}+i_{6}}w^{i_{7}+i_{8} +i_{9}}x^{i_{1}+i_{4}+i_{7}}y^{i_{2}+i_{5}+i_{8}}z^{i_{3}+i_{6}+i_{9}}} {\sqrt {2^{n_{1}+n_{2}+n_{3}+k+l+m}n_{1}!n_{2}!n_{3}!k!l!m!}} \nonumber \\ & \left . \tfrac {{\left ( 2a_{1}\right )}^{i_{1}}}{i_{1}!}\tfrac {{\left ( 2b_{1}\right )}^{i_{2}}} {i_{2}!} \tfrac {{\left ( 2c_{1}\right )}^{i_{3}}}{i_{3}!} \tfrac {{\left ( 2a_{2}\right )}^{i_{4}}}{i_{4}!}\tfrac {{\left ( 2\allowbreak b_{2}\right )}^{i_{5}}}{i_{5}!}\tfrac {{\left ( 2c_{2}\right )}^{i_{6}}}{i_{6} !}\tfrac {{\left ( 2a_{3}\right )}^{i_{7}}}{i_{7}!}\tfrac {{\left ( 2\allowbreak b_{3}\right )}^{i_{8}}}{i_{8}!}\tfrac {{\left ( 2c_{3}\right )}^{i_{9}}}{i_{9} !}\Big \} \right \vert _{x,y,z,t,s,w=0}\label {aa}.\end {align}


$\left . \frac {d^{k}}{dt^{k}}t^{i}\right \vert _{t=0}=k!\delta _{k,i}$


$t, s, w, x, y, z$


\begin {align}\label {AASK} A_{n_{1},n_{2},n_{3}}^{k,l,m}=& {\sum _{i_{1}, \cdots ,i_{9}=0}^{\infty }} \tfrac {\sqrt {n_{1}!n_{2}!n_{3}!k!l!m!}\ {\left ( a_{3}\right )}^{n_{1} }{\left ( \allowbreak b_{3}\right )}^{n_{2}}{\left ( c_{1}\right )}^{k}{\left ( c_{2}\right )}^{l}{\left ( c_{3}\right )}^{n_{3}-k-l}}{\left ( n_{3} -k-l+i_{1}+i_{2}+i_{3}+i_{4}\right ) !} \tfrac {{\left ( \frac {a_{2}c_{3}}{c_{2}a_{3}}\right )}^{i_{3} }{\left ( \frac {a_{1}c_{3}}{c_{1}a_{3}}\right )}^{i_{1}}{\left ( \frac {b_{1}c_{3}}{c_{1}b_{3}}\right )}^{i_{2}}{\left ( \allowbreak \frac {b_{2}c_{3} }{c_{2}b_{3}}\right )}^{i_{4}}}{\left ( n_{2}-i_{2}-i_{4}\right ) !\left ( l-i_{3}-i_{4}\right ) !\left ( k-i_{1}-i_{2}\right ) !\left ( n_{1} -i_{1}-i_{3}\right ) !i_{1}!i_{2}!i_{3}!i_{4}!} \nonumber \\ & \delta _{i_{1}+i_{2}+i_{3},k}\ \delta _{i_{4}+i_{5}+i_{6},l}\ \delta _{i_{7}+i_{8}+i_{9},m}\ \delta _{i_{1}+i_{4}+i_{7},n_{1}}\ \delta _{i_{2} +i_{5}+i_{8},n_{2}}\ \delta _{i_{3}+i_{6}+i_{9},n_{3}}.\end {align}


\begin {equation}K_{16}\left ( \alpha _{1},\alpha _{2},\alpha _{3},\alpha _{4};\beta ;x,y,z,t\right ) = {\textstyle \sum \limits _{m_{1},m_{2},m_{3},m_{4}=0}^{\infty }} \tfrac {\left ( \alpha _{1}\right ) _{m_{1}+m_{2}}\left ( \alpha _{2}\right ) _{m_{2}+m_{3}}\left ( \alpha _{3}\right ) _{m_{3}+m_{4}}\left ( \alpha _{4}\right ) _{m_{4}+m_{1}}}{\left ( \beta \right ) _{m_{1}+m_{2}+m_{3}+m_{4}} }\tfrac {x^{m_{1}}y^{m_{2}}z^{m_{3}}t^{m_{4}}}{m_{1}!m_{2}!m_{3}!m_{4}!},\end {equation}


$\left ( a\right ) _{k}$


$\left ( a\right ) _{k}=\tfrac {\Gamma \left ( a+k\right ) }{\Gamma \left ( a\right ) }={\left ( -1\right )}^{k}\tfrac {\Gamma \left ( 1-a\right ) } {\Gamma \left ( 1-a-k\right ) }$


$K_{16}$


\begin {align}A_{n_{1},n_{2},n_{3}}^{k,l,m}= & \delta _{m,n_{1}+n_{2}+n_{3}-k-l} \tfrac {\sqrt {n_{1}!n_{2}!n_{3}!k!l!\left ( n_{1}+n_{2}+n_{3}-k-l\right ) !}{\left ( a_{3}\right )}^{n_{1}}{\left ( \allowbreak b_{3}\right )}^{n_{2} }{\left ( c_{1}\right )}^{k}{\left ( c_{2}\right )}^{l}\left ( c_{3}\right ) ^{n_{3}-k-l}}{\left ( n_{3}-k-l\right ) !n_{1}!k!n_{2}!l!} \nonumber \\ & K_{16}\left ( -n_{1},-k,-n_{2},-l;n_{3}-k-l+1;\tfrac {a_{2}c_{3}}{c_{2}a_{3}},\tfrac {a_{1}c_{3}}{c_{1}a_{3}},\tfrac {b_{1}c_{3} }{c_{1}b_{3}},\tfrac {b_{2}c_{3}}{c_{2}b_{3}}\right ) ,\end {align}


$m+k+l=n_{1}+n_{2}+n_{3}$


$K_{16}$


$n_1, k, n_2, l$


$m$


\begin {align}\label {Afin} A_{n_{1},n_{2},n_{3}}^{k,l}= & \sum \limits _{m}A_{n_{1},n_{2},n_{3}} ^{k,l,m}\delta _{m,n_{1}+n_{2}+n_{3}-k-l}\\ =& \tfrac {\sqrt {n_{3}!k!l!\left ( n_{1}+n_{2}+n_{3}-k-l\right ) !}\left ( a_{3}\right ) ^{n_{1}}{\left ( \allowbreak b_{3}\right )}^{n_{2}}\left ( c_{1}\right ) ^{k}{\left ( c_{2}\right )}^{l}{\left ( c_{3}\right )}^{n_{3}-k-l}}{\left ( n_{3}-k-l\right ) \sqrt {!n_{1}!n_{2}! k!l!}} \nonumber \\ & K_{16}\left ( -n_{1},-k,-n_{2},-l;n_{3}-k-l+1;\tfrac {a_{2}c_{3}}{c_{2}a_{3}},\tfrac {a_{1}c_{3}}{c_{1}a_{3}},\tfrac {b_{1}c_{3} }{c_{1}b_{3}},\tfrac {b_{2}c_{3}}{c_{2}b_{3}}\right ) \label {Afin2}.\end {align}


\begin {equation}\psi _{n_{1},n_{2},n_{3}}^{ABC}\left ( x_{1},x_{2},x_{3}\right ) =\sum \limits _{k,l}A_{n_{1},n_{2},n_{3}}^{k,l}\ \varphi _{k}^A\left ( x_{1}\right )\ \phi _{l}^B\left ( x_{2}\right ) \chi _{n_{1}+n_{2}+n_{3} -k-l}^C\left ( x_{3}\right ) \label {533}.\end {equation}


\begin {align}\psi _{n_{1},n_{2},n_{3}}^{ABC}\left ( x_{1},x_{2},x_{3}\right ) & = {\textstyle \sum \limits _{k=0}^{n_{1}+n_{2}+n_{3}}} \sqrt {\alpha _{k}}\ \varphi _{k}^{A}\left ( x_{1}\right ) \ \Theta _{k}^{BC}\left ( x_{2},x_{3}\right ) \label {544}\\ & = {\textstyle \sum \limits _{l=0}^{n_{1}+n_{2}+n_{3}}} \sqrt {\beta _{l}}\ \phi _{l}^{B}\left ( x_{2}\right )\ \Phi _{l}^{AC}\left ( x_{1},x_{3}\right ) \label {545} \\ & = {\textstyle \sum \limits _{\sigma =0}^{n_{1}+n_{2}+n_{3}}} \sqrt {\gamma _{\sigma }}\ \chi _{\sigma }^{C}\left ( x_{3}\right )\ \Xi _{\sigma } ^{AB}\left ( x_{1},x_{2}\right )\label {546},\end {align}


$\left \{ \phi _{k}^A( x_{1})\right \}, \left \{\theta _{l}^B( x_{2}) \right \}$


$\left \{\chi _{\sigma }^C( x_{3}) \right \}$


$\left \{\Theta _{k}^{BC}\left ( x_{2},x_{3}\right ) \right \}, \left \{\Phi _{l}^{AC}\left ( x_{1},x_{3}\right ) \right \}$


$\left \{\Xi _{\sigma } ^{AB}\left ( x_{1},x_{2}\right ) \right \}$


\begin {align}\Theta _{k}^{BC}\left ( x_{2},x_{3}\right ) & = {\textstyle \sum \limits _{l=0}^{n_{1}+n_{2}+n_{3}-k}} \phi _{l}\left ( x_{2}\right ) \ \chi _{n_{1}+n_{2}+n_{3}-k-l}\left ( x_{3}\right ) \label {A-BC},\\ \Phi _{l}^{AC}\left ( x_{1},x_{3}\right ) & = {\textstyle \sum \limits _{k=0}^{n_{1}+n_{2}+n_{3}-l}} \varphi _{k}\left ( x_{1}\right ) \ \chi _{n_{1}+n_{2}+n_{3}-k-l}\left ( x_{3}\right ) \label {B-AC},\\ \Xi _{\sigma }^{AB}\left ( x_{1},x_{2}\right ) & = {\textstyle \sum \limits _{k=0}^{n_{1}+n_{2}+n_{3}-\sigma }} \varphi _{k}\left ( x_{1}\right ) \ \phi _{n_{1}+n_{2}+n_{3}-k-\sigma }\left ( x_{2}\right ) \label {C-AB},\end {align}


$\alpha _{k}\equiv \alpha _{k}^{n_{1},n_{2},n_{3}}$


$\beta _{l}\equiv \beta _{l}^{n_{1},n_{2},n_{3}}$


$\gamma _{\sigma }\equiv \gamma _{\sigma }^{n_{1},n_{2},n_{3}}$


\begin {align}\label {alpha} \alpha _{k} & = {\sum _{l=0}^{n_{1}+n_{2}+n_{3}-k}} {\left ( A_{n_{1},n_{2},n_{3}}^{k,l}\right )}^{2},\\ \label {beta} \beta _{l} & = {\sum _{k=0}^{n_{1}+n_{2}+n_{3}-l}} {\left ( A_{n_{1},n_{2},n_{3}}^{k,l}\right )}^{2},\\ \label {gamma} \gamma _{\sigma } & = {\sum _{k=0}^{n_{1}+n_{2}+n_{3}-\sigma }} {\left ( A_{n_{1},n_{2},n_{3}}^{k,n_{1}+n_{2}+n_{3}-k-\sigma }\right )}^{2},\end {align}


$\left (\rho ^{A},\rho ^{BC}\right )$


$\left (\rho ^{B},\rho ^{AC}\right )$


$\left (\rho ^{C},\rho ^{AB}\right )$


\begin {align}\rho ^{A} & = {\textstyle \sum \limits _{k=0}^{n_{1}+n_{2}+n_{3}}} \alpha _{k}\ \varphi _{k}^{A}\left ( x_{1}\right ) \ \varphi _{k}^{\ast A}\left ( x_{1}^{\prime }\right ), \qquad \rho ^{BC} = {\textstyle \sum \limits _{k=0}^{n_{1}+n_{2}+n_{3}}} \alpha _{k}\ \Theta _{k}^{BC}\left ( x_{2},x_{3}\right ) \ \Theta _{k}^{\ast BC}\left ( x_{2}^{\prime },x_{3}^{\prime }\right ),\\ \rho ^{B} & = {\textstyle \sum \limits _{l=0}^{n_{1}+n_{2}+n_{3}}} \beta _{l}\ \phi _{l}^{B}\left ( x_{2}\right ) \ \phi _{l}^{\ast B}\left ( x_{2}^{\prime }\right ), \qquad \rho ^{AC} = {\textstyle \sum \limits _{l=0}^{n_{1}+n_{2}+n_{3}}} \beta _{l}\ \Phi _{l}^{AC}\left ( x_{1},x_{3}\right )\ \Phi _{l}^{\ast AC}\left ( x_{1}^{\prime },x_{3}^{\prime }\right ) ,\\ \rho ^{C} & = {\textstyle \sum \limits _{\sigma =0}^{n_{1}+n_{2}+n_{3}}} \gamma _{\sigma }\ \chi _{\sigma }^{C}\left ( x_{3}\right ) \ \chi _{\sigma }^{\ast C}\left ( x_{3}\right ), \qquad \rho ^{AB} = {\textstyle \sum \limits _{\sigma =0}^{n_{1}+n_{2}+n_{3}}} \gamma _{\sigma }\ \Xi _{\sigma }^{AB}\left ( x_{1},x_{2}\right ) \ \Xi _{\sigma }^{\ast AB}\left ( x_{1}^{\prime },x_{2}^{\prime }\right ).\end {align}


${ P}_{n_{1},n_{2},n_{3}}^{A}\left (\theta ,\varphi ,\phi \right )$


${ P}_{n_{1},n_{2},n_{3}}^{B}\left (\theta ,\varphi ,\phi \right )$


${ P}_{n_{1},n_{2},n_{3}}^{C}\left (\theta ,\varphi ,\phi \right )$


$(n_1, n_2, n_3)$


\begin {align}\psi _{n_{1},n_{2},n_{3}}^{ABC}\left (x_{1},x_{2},x_{3}\right )    ={\textstyle \sum \limits _{k=0}^{n_{1}+n_{2}+n_{3}}}\sqrt {\alpha _{k}}\ \varphi _{k}^{A}\left (x_{1}\right )\ \Theta _{k}^{BC}\left (x_{2},x_{3}\right ). \label {5444}\end {align}


$(n_{1}=0, n_{2}=0, n_{3}\neq 0), (n_{1}=0, n_{2}\neq 0, n_{3}=0)$


$( n_{1}\neq 0, n_{2}=0, n_{3}=0)$


$_1$


$\underline {n_{1}=0, n_{2}=0, n_{3}\neq 0}$


$n_{1}=0,n_{2}=0$


\begin {align}\alpha _{k}^{0,0,n_{3}} = \tfrac {n_{3}!}{k!\left ( n_{3}-k\right ) !} \sin ^{2k}\theta \cos ^{2k} \phi \
{\left (1-\sin ^{2}\theta \cos ^{2} \phi \right )}^{n_3-k},\end {align}


\begin {equation}\textrm {tr}\rho _{0,0,n_{3}}^{A}= \textrm {tr}\rho _{0,0,n_{3}}^{BC}= {\sum _{k=0}^{n_{3}}} \alpha _{k}^{0,0,n_{3}}. =1.\end {equation}


${P}_{n_{1},n_{2},n_{3}}^{A}\left ( \theta ,\varphi ,\phi \right ) ={P}_{n_{1} ,n_{2},n_{3}}^{BC}\left ( \theta ,\varphi ,\phi \right )$


\begin {equation}\label {Pure} {P}_{n_{1},n_{2},n_{3}}^{A}\left ( \theta ,\varphi ,\phi \right ) = \textrm {tr}{\left ( \rho _{n_{1},n_{2},n_{3}}^{A}\right )}^{2}= {\sum \limits _{k=0}^{n_{1}+n_{2}+n_{3}}} {\left ( \alpha _{k}^{n_{1},n_{2},n_{3}}\right )}^{2}.\end {equation}


$n_{1}=n_{2}=0, n_{3}\neq 0$


\begin {align}\label {PA00n3} {P}_{0,0,n_{3}}^{A}\left ( \theta ,\varphi ,\phi \right ) & = {\sum _{k=0}^{n_{3}}} {\left ( \tfrac {n_{3}!}{k!\left ( n_{3}-k\right ) !}\right )}^{2} c_{1}^{4k}\left ( c_{3}^{2}+c_{2}^{2}\right ) ^{2(n_{3}-k)} \\ & ={\left ( {\left ( \cos ^{2}\theta +\sin ^{2}\theta \sin ^{2}\phi \right )}^{2} -\sin ^{4}\theta \cos ^{4}\phi \right )}^{n_{3}}{\mathcal P}_{n_{3}} {\left ( \frac {{\left (\cos ^{2}\theta +\sin ^{2}\theta \sin ^{2}\phi \right )}^{2}+\sin ^{4}\theta \cos ^{4}\phi }{{\left ( \cos ^{2}\theta +\sin ^{2}\theta \sin ^{2}\phi \right )}^{2} -\sin ^{4}\theta \cos ^{4}\phi }\right )}\label {PA00n31},\end {align}


\begin {align}{\sum _{k=0}^{n}} {\left ( \tfrac {n!}{k!\left ( n-k\right ) !}\right )}^{2}x^{k}={\left ( 1-x\right )}^{n}{\mathcal P}_{n}\left ( \frac {1+x}{1-x}\right ),\end {align}


${\mathcal P}_{n}$


$n$


\begin {equation}{\mathcal P}_{0}\left ( z\right ) =1,\qquad {\mathcal P}_{1}\left ( z\right ) =z,\qquad {\mathcal P}_{2}\left ( z\right ) =\frac {1}{2}\left ( 3z^{2}-1\right ), \qquad {\mathcal P}_{3}\left ( z\right ) =\frac {1} {2}\left ( 5z^{3}-3z\right ).\end {equation}


$_2$


$\underline {n_{1}=0, n_{2}\neq 0, n_{3}= 0}$


$n_{1}=0,n_{3}=0,$


\begin {align}\alpha _{k}^{0,n_{2},0}= {\sum _{l=0}^{n_{2}-k}} {\left ( A_{0,n_{2},0}^{k,l}\right )}^{2} =\tfrac {n_{2}!{\left ( b_{1}^{2}\right )}^{k}}{k!\left ( n_{2}-k\right ) !}{\left ( b_{3}^{2}+b_{2}^{2}\right )}^{n_{2}-k},\end {align}


\begin {equation}\textrm {tr}\rho _{0,n_{2},0}^{A}=\textrm {tr}\rho _{0,n_{2},0}^{BC}= {\sum _{k=0}^{n_{2}}} \alpha _{k}^{0,n_{2},0}={\left ( b_{1}^{2}+b_{3}^{2}+b_{2}^{2}\right )}^{n_{2}. }=1.\end {equation}


$\ n_{1}=0, n_{3}=0$


\begin {align}P_{0,n_{2},0}^{A}\left ( \theta ,\varphi ,\phi \right ) & ={\left ( {\left ( b_{3}^{2}+b_{2}^{2}\right )}^{2}-b_{1}^{4}\right )}^{n_{2} }{\mathcal P}_{n_{2}} \left ( \frac {{\left ( b_{3}^{2}+b_{2}^{2}\right )}^{2}+b_{1}^{4} }{{\left ( b_{3}^{2}+b_{2}^{2}\right )}^{2}-b_{1}^{4}}\right ) \\ & = \cos ^{n_{2}}(2\phi ) {\mathcal P}_{n_{2}}\left ( \frac { \cos \left ( 4\phi \right ) +3}{4\cos 2\phi }\right ).\end {align}


$n_2=1,2$


\begin {align}\label {P010} &P_{0,1,0}^{A}\left ( \theta ,\varphi ,\phi \right ) =\frac {1}{4}(\cos 4\phi +3), \\ & \label {P020} P_{0,2,0}^{A}\left ( \theta ,\varphi ,\phi \right ) =\frac {5}{16}\cos 4\phi +\frac {3}{64}\cos 8\phi +\frac {41}{64}.\end {align}


\begin {align}& P_{0,0,1}^{A}\left ( \theta ,\varphi ,\phi \right ) =\left ( \cos ^{2}\theta +\sin ^{2}\theta \sin ^{2} \phi \right )^{2}+\sin ^{4}\theta \cos ^{4}\phi \label {P001},\\ & P_{0,0,2}^{A}\left ( \theta ,\varphi ,\phi \right ) =\frac {3}{2}\left ( \left ( \cos ^{2}\theta +\sin ^{2}\theta \sin ^{2}\phi \right )^{2}+\sin ^{4}\theta \cos ^{4}\phi \right )^{2}-\frac {1}{2}\left ( \left ( \cos ^{2}\theta +\sin ^{2}\theta \sin ^{2}\phi \right )^{2}-\sin ^{4}\theta \cos ^{4}\phi \right )^{2}\label {P002}.\end {align}


$_3$


$\underline {n_{1}\neq 0, n_{2}=0, n_{3}= 0}$


$n_{2}=0$


$n_{3}=0,$


\begin {equation}\alpha _{k}^{n_{1},0,0}= {\sum _{l=0}^{n_{1}-k}} {\left ( A_{n_{1},0,0}^{k,l}\right )}^{2} = \tfrac {n_{1}!{\left ( a_{1}^{2}\right )}^{k}}{k!\left ( n_{1}-k\right ) !}{\left ( a_{3}^{2}+a_{2}^{2}\right )}^{n_{1}-k},\end {equation}


\begin {equation}\textrm {tr}\rho _{n_{1},0,0}^{A}=\textrm {tr}\rho _{n_{1},0,0}^{BC}= {\sum _{k=0}^{n_{1}}} \alpha _{k}^{n_{1},0,0}={\left ( a_{1}^{2}+a_{3}^{2}+a_{2}^{2}\right )}^{n_{1}. }=1.\end {equation}


$n_{2}=0$


$n_{3}=0$


\begin {align}P_{n_{1},0,0}^{A}\left ( \theta ,\varphi ,\phi \right ) & = {\left ( {\left ( a_{3}^{2}+a_{2}^{2}\right )}^{2}-a_{1}^{4}\right )}^{n_{1}}{\mathcal P}_{n_{1}}\left ( \frac {{\left ( a_{3}^{2}+a_{2}^{2}\right )}^{2} +a_{1}^{4}}{{\left ( a_{3}^{2}+a_{2}^{2}\right )}^{2}-a_{1}^{4}}\right ) \\ & ={\left ( {\left ( \sin ^{2}\theta +\cos ^{2}\theta \sin ^{2}\phi \right )}^{2} -\cos ^{4}\theta \cos ^{4}\phi \right )}^{n_{3}}{\mathcal P}_{n_{1}}\left ( \frac {{\left ( \sin ^{2}\theta +\cos ^{2}\theta \sin ^{2}\phi \right )}^{2}+\cos ^{4}\theta \cos ^{4}\phi }{{\left ( \sin ^{2}\theta +\cos ^{2}\theta \sin ^{2}\phi \right )}^{2} -\cos ^{4}\theta \cos ^{4}\phi }\right ).\end {align}


$n_1=1,2$


\begin {align}&P_{1,0,0}^{A}\left ( \theta ,\varphi ,\phi \right ) ={\left ( \sin ^{2}\theta +\cos ^{2}\theta \sin ^{2}\phi \right )}^{2}+\cos ^{4}\theta \cos ^{4}\phi , \\ &P_{2,0,0}^{A}\left ( \theta ,\varphi ,\phi \right ) =\frac {1}{2}\left ( 3{\left ( {\left ( \sin ^{2}\theta +\cos ^{2}\theta \sin ^{2}\phi \right )}^{2}+\cos ^{4} \theta \cos ^{4}\phi \right )}^{2}-{\left ( {\left ( \sin ^{2}\theta +\cos ^{2} \theta \sin ^{2}\phi \right )}^{2}-\cos ^{4}\theta \cos ^{4}\phi \right )}^{2}\right ).\end {align}


\begin {equation}S_{vN} = -\mathrm {Tr}\!\left (\rho \ln \rho \right ) = -\sum _{k} \lambda _k \ln \lambda _k ,\end {equation}


$\lambda _k$


$\rho $


\begin {equation}S_{vN}^{n_{1},n_{2},n_{3}} = -\sum _{k=0}^{n_{1}+n_{2}+n_{3}} \alpha _{k}^{n_{1},n_{2},n_{3}} \ln \!\left ( \alpha _{k}^{n_{1},n_{2},n_{3}} \right ) .\end {equation}


$_1$


$n_{1}=0, n_{2}=0, n_{3}\neq 0$


\begin {equation}S_{vN}^{0,0,n_3} = -\sum _{k=0}^{n_3} \binom {n_3}{k} (c_1^2)^k (c_2^2+c_3^2)^{n_3-k} \ln \left [ \binom {n_3}{k} (c_1^2)^k (c_2^2+c_3^2)^{n_3-k} \right ].\end {equation}


$n_{3}=1$


\begin {align}S_{vN}^{0,0,1} &= -\left (c_{2}^{2}+c_{3}^{2}\right )\ln \left (c_{2}^{2}+c_{3}^{2}\right ) c_{1}^{2}\ln c_{1}^{2} \\ &= -\left (1-\cos ^{2}\phi \sin ^{2}\theta \right ) \ln \left (1-\cos ^{2}\phi \sin ^{2}\theta \right ) -\left (\cos ^{2}\phi \sin ^{2}\theta \right ) \ln \left (\cos ^{2}\phi \sin ^{2}\theta \right ),\end {align}


$A$


$BC$


$\psi _{0,0,1}^{ABC}$


$S_{vN}^{0,0,1}$


$P_{0,0,1}^{A}$


$S_{vN}^{0,0,1}$


$_2$


$n_{1}=0, n_{2}\neq 0, n_{3}=0$


\begin {equation}S_{vN}^{0,n_2,0} = -\sum _{k=0}^{n_2} \binom {n_2}{k} (b_1^2)^k (b_2^2+b_3^2)^{n_2-k} \ln \left [ \binom {n_2}{k} (b_1^2)^k (b_2^2+b_3^2)^{n_2-k} \right ].\end {equation}


$n_2=1$


\begin {align}S_{vN}^{0,1,0} &= -(b_2^2+b_3^2)\ln (b_2^2+b_3^2) - b_1^2 \ln b_1^2 \\ &= -\cos ^2\phi \ln (\cos ^2\phi ) - \sin ^2\phi \ln (\sin ^2\phi ),\end {align}


$_3$


$n_{1}\neq 0, n_{2}=0, n_{3}=0$


\begin {equation}S_{vN}^{n_1,0,0} = -\sum _{k=0}^{n_1} \binom {n_1}{k} (a_1^2)^k (a_2^2+a_3^2)^{n_1-k} \ln \left [ \binom {n_1}{k} (a_1^2)^k (a_2^2+a_3^2)^{n_1-k} \right ].\end {equation}


$n_1=1$


\begin {align}S_{vN}^{1,0,0} &= -(a_2^2+a_3^2)\ln (a_2^2+a_3^2) - a_1^2 \ln a_1^2 \\ &= -(\sin ^2\theta +\cos ^2\theta \sin ^2\phi ) \ln (\sin ^2\theta +\cos ^2\theta \sin ^2\phi ) - (\cos ^2\theta \cos ^2\phi ) \ln (\cos ^2\theta \cos ^2\phi ),\end {align}


$\psi _{1,0,0}^{ABC}$


$S_{vN}$


$S_{vN}$


\begin {align}\psi _{n_{1},n_{2},n_{3}}^{ABC}\left (  x_{1},x_{2},x_{3}\right ) =  {\textstyle \sum \limits _{l=0}^{n_{1}+n_{2}+n_{3}}} \sqrt {\beta _{l}}\ \phi _{l}^{B}\left ( x_{2}\right )\ \Phi _{l}^{AC}\left ( x_{1},x_{3}\right ). \label {5455}\end {align}


$(n_{1}=0, n_{2}=0, n_{3}\neq 0), (n_{1}=0, n_{2}\neq 0, n_{3}=0)$


$( n_{1}\neq 0, n_{2}=0, n_{3}=0)$


$_1$


$\underline {n_{1}=0, n_{2}=0, n_{3}\neq 0}$


$n_{1}=0, n_{2}=0$


\begin {align}\beta _{l}^{0,0,n_{3}}&= {\sum _{k=0}^{n_{3}-l}} {\left ( A_{0,0,n_{3}}^{k,l}\right )}^{2} \\ & =\tfrac {n_{3}!{\left ( c_{2}^{2}\right )}^{l}}{l!\left ( n_{3}-l\right ) !}{\left ( c_{3}^{2}+c_{1}^{2}\right )}^{n_{3}-l},\end {align}


\begin {equation}\textrm {tr}\rho _{0,0,n_{3}}^{B}=\textrm {tr}\rho _{0,0,n_{3}}^{AC}= {\sum _{l=0}^{n_{3}}} \beta _{l}^{0,0,n_{3}}={\left ( c_{2}^{2}+c_{1}^{2}+c_{3}^{2}\right )}^{n_{3}}=1.\end {equation}


\begin {align}\label {PB00n3} P_{0,0,n_{3}}^{B}\left ( \theta ,\varphi ,\phi \right ) =& {\left ( \tfrac {n_{3}!}{l!\left ( n_{3}-l\right ) !}\right )}^{2}{\left ( c_{2}^{2}\right )}^{l}{\left ( c_{3}^{2}+c_{1}^{2}\right )}^{n_{3}-l}={\left ( {\left ( c_{1}^{2}+c_{3}^{2}\right )}^{2}-c_{2}^{4}\right )}^{n_{3}}{\mathcal P}_{n_{3} }\left ( \frac {{\left ( c_{1}^{2}+c_{3}^{2}\right )}^{2}+c_{2}^{4}}{{\left ( c_{1}^{2}+c_{3}^{2}\right )}^{2}-c_{2}^{4}}\right ) \\ =&\left ( \cos ^{2}\phi \sin ^{2}\theta +{\left ( \cos \theta \cos \varphi +\sin \theta \sin \phi \sin \varphi \right )}^{2}-\cos ^{2}\theta \sin ^{2}\varphi \right ) ^{n_{3}}\\ & {\mathcal P}_{n_{3}}\left ( \frac {{\left ( \cos ^{2}\phi \sin ^{2}\theta +{\left ( \cos \theta \cos \varphi +\sin \theta \sin \phi \sin \varphi \right )}^{2}\right )}^{2}+{\left ( \cos \theta \sin \varphi -\sin \theta \cos \varphi \sin \phi \right )}^{4} }{\cos ^{2}\phi \sin ^{2}\theta +{\left ( \cos \theta \cos \varphi +\sin \theta \sin \phi \sin \varphi \right )}^{2}-\cos ^{2}\theta \sin ^{2}\varphi }\right ) \nonumber .\end {align}


$_2$


$\underline {n_{1}=0, n_{2}\neq 0, n_{3}= 0}$


$n_{1} = 0$


$n_{3} = 0$


\begin {align}\beta _{k}^{0,n_{2},0} &= {\sum _{l=0}^{n_{2}-k}} {\left ( A_{0,n_{2},0}^{k,l}\right )}^{2}\\ &=\tfrac {n_{2}!{\left ( b_{2} ^{2}\right )}^{k}}{k!\left ( n_{2}-k\right ) !}{\left ( b_{1}^{2}+b_{3} ^{2}\right )}^{n_{2}-k},\end {align}


\begin {equation}\textrm {tr}\rho _{0,n_{2},0}^{B}=\textrm {tr}\rho _{0,n_{2},0}^{AC}= {\sum _{k=0}^{n_{2}}} \beta _{k}^{0,n_{2},0}={\left ( b_{1}^{2}+b_{3}^{2}+b_{2}^{2}\right )}^{n_{2}}=1.\end {equation}


\begin {align}P_{0,n_{2},0}^{B}\left ( \theta ,\varphi ,\phi \right ) & = {\left ( {\left ( b_{1}^{2}+b_{3} ^{2}\right )}^{2}-b_{2}^{4}\right )}^{n_{2}}{\mathcal P}_{n_{2}}\left ( \frac {{\left ( b_{1}^{2}+b_{3}^{2}\right )}^{2}+b_{2}^{4}}{{\left ( b_{1}^{2}+b_{3} ^{2}\right )}^{2}-b_{2}^{4}}\right ) \\ & ={\left ( \sin ^{2}\phi -\cos ^{2}\varphi \cos ^{2}\phi +\cos ^{2}\phi \sin ^{2}\varphi \right )}^{n_{2}}{\mathcal P}_{n_{2}}\left ( \frac {{\left ( \sin ^{2}\phi +\cos ^{2}\phi \sin ^{2}\varphi \right )}^{2}+\cos ^{4}\phi \cos ^{4}\varphi } {\sin ^{2}\phi -\cos ^{2}\varphi \cos ^{2}\phi +\cos ^{2}\phi \sin ^{2}\varphi }\right ),\end {align}


$n_2=1,2$


\begin {align}P_{0,1,0}^{B}\left ( \theta ,\varphi ,\phi \right ) =&{\left ( \sin ^{2}\phi +\cos ^{2}\phi \sin ^{2}\varphi \right )}^{2}+\cos ^{4}\phi \cos ^{4}\varphi , \\ P_{0,2,0}^{A}\left ( \theta ,\varphi ,\phi \right ) =&\frac {3}{2}{\left ( {\left ( \sin ^{2}\phi +\cos ^{2}\phi \sin ^{2}\varphi \right )}^{2}+\cos ^{4}\phi \cos ^{4}\varphi \right )}^{2}-\frac {1}{2}{\left ( \sin ^{2}\phi -\cos ^{2}\varphi \cos ^{2}\phi +\cos ^{2} \phi \sin ^{2}\varphi \right )}^{2}.\end {align}


$_3$


$\underline {n_{1}\neq 0, n_{2}=0, n_{3}= 0}$


$n_{2}=0,n_{3}=0$


\begin {align}\beta _{k}^{n_{1},0,0} &= {\sum _{l=0}^{n_{1}-k}} {\left ( A_{n_{1},0,0}^{k,l}\right )}^{2}\\ &=\tfrac {n_{1}!{\left ( a_{2}^{2}\right )}^{k}}{k!\left ( n_{1}-k\right ) !}{\left ( a_{1}^{2}+a_{3}^{2}\right )}^{n_{1}-k},\end {align}


\begin {equation}\textrm {tr}\rho _{n_{1},0,0}^{B}=\textrm {tr}\rho _{n_{1},0,0}^{AC}= {\sum _{k=0}^{n_{1}}} \beta _{k}^{n_{1},0,0}={\left ( a_{1}^{2}+a_{3}^{2}+a_{2}^{2}\right )}^{n_{1}}=1.\end {equation}


\begin {align}P_{n_{1},0,0}^{B}\left ( \theta ,\varphi ,\phi \right ) =& {\left ( {\left ( a_{1}^{2}+a_{3}^{2}\right )}^{2}-a_{2}^{4}\right )}^{n_{1}}{\mathcal P}_{n_{1}} \left ( \frac {{\left ( a_{1}^{2}+a_{3}^{2}\right )}^{2} +a_{2}^{4}}{{\left ( a_{1}^{2}+a_{3}^{2}\right )}^{2}-a_{2}^{4}}\right ) \\ =&{\left ( {\left ( \cos \theta \cos \phi \right )}^{2}+{\left ( \cos \theta \sin \phi \sin \varphi -\sin \theta \cos \varphi \right )}^{2}-{\left ( \sin \theta \sin \varphi +\cos \theta \cos \varphi \sin \phi \right )}^{2}\right )}^{n_{3}}\\ & {\mathcal P}_{n_{1}}\left ( \frac {{\left ( \left ( \cos \theta \cos \phi \right ) ^{2}+\left ( \cos \theta \sin \phi \sin \varphi -\sin \theta \cos \varphi \right ) ^{2}\right )}^{2}+{\left ( \sin \theta \sin \varphi +\cos \theta \cos \varphi \sin \phi \right )}^{4}}{{\left ( \cos \theta \cos \phi \right )}^{2}+{\left ( \cos \theta \sin \phi \sin \varphi -\sin \theta \cos \varphi \right )}^{2}-{\left ( \sin \theta \sin \varphi +\cos \theta \cos \varphi \sin \phi \right )}^{2}}\right ) \nonumber ,\end {align}


$n_1=1,2$


\begin {align}P_{1,0,0}^{B}\left ( \theta ,\varphi ,\phi \right ) =&{\left ( {\left ( \cos \theta \cos \phi \right )}^{2}+{\left ( \cos \theta \sin \phi \sin \varphi -\sin \theta \cos \varphi \right )}^{2}\right )}^{2}+{\left ( \sin \theta \sin \varphi +\cos \theta \cos \varphi \sin \phi \right )}^{4}, \\ P_{2,0,0}^{B}\left ( \theta ,\varphi ,\phi \right ) =&\frac {3}{2}{\left ( {\left ( {\left ( \cos \theta \cos \phi \right )}^{2}+{\left ( \cos \theta \sin \phi \sin \varphi -\sin \theta \cos \varphi \right )}^{2}\right )}^{2}+{\left ( \sin \theta \sin \varphi +\cos \theta \cos \varphi \sin \phi \right )}^{4}\right )}^{2}\nonumber \\ & -\frac {1}{2}{\left ( {\left ( \cos \theta \cos \phi \right )}^{2}+{\left ( \cos \theta \sin \phi \sin \varphi -\sin \theta \cos \varphi \right )}^{2}-{\left ( \sin \theta \sin \varphi +\cos \theta \cos \varphi \sin \phi \right )}^{2}\right )}^{2}.\end {align}


$\textbf {C-AB}$


\begin {align}\psi _{n_{1},n_{2},n_{3}}^{ABC}\left (  x_{1},x_{2},x_{3}\right ) {\textstyle \sum \limits _{l=0}^{n_{1}+n_{2}+n_{3}}} \sqrt {\beta _{l}}\ \phi _{l}^{B}\left ( x_{2}\right )\ \Phi _{l}^{AC}\left ( x_{1},x_{3}\right ) \label {5451}.\end {align}


$(n_{1}=0, n_{2}=0, n_{3}\neq 0)$


$(n_{1}=0, n_{2}\neq 0, n_{3}=0)$


$( n_{1}\neq 0, n_{2}=0, n_{3}=0)$


$_1$


$\underline {n_{1}=0, n_{2}=0, n_{3}\neq 0}$


$n_{1}=0$


$n_{2}=0$


\begin {align}\gamma _{\sigma }\equiv \gamma _{\sigma }^{0,0,n_{3}}&= {\sum _{k=0}^{n_{3}-\sigma }} {\left ( A_{0,0,n_{3}}^{k,n_{3}-k-\sigma }\right )}^{2}\\ =&\frac {n_{3}!{\left ( c_{3}^{2}\right )}^{\sigma }}{\sigma !\left ( n_{3}-\sigma \right ) !}{\left ( c_{2}^{2}+c_{1}^{2}\right )}^{n_{3}-\sigma },\end {align}


\begin {equation}\textrm {tr}\rho _{0,0,n_{3}}^{C}=\textrm {tr}\rho _{0,0,n_{3}}^{AB}= {\sum _{\sigma =0}^{n_{3}}} \gamma _{\sigma }^{0,0,n_{3}}=\left ( c_{3}^{2}+c_{1}^{2}+c_{2}^{2}\right ) ^{n_{3}}=1.\end {equation}


\begin {align}\label {PC00n3} P_{0,0,n_{3}}^{C}\left ( \theta ,\varphi ,\phi \right ) =&{\left ( {\left ( c_{1}^{2}+c_{2}^{2}\right )}^{2}-c_{3}^{4}\right )}^{n_{3}}{\cal P}_{n_{3}}\left ( \frac {{\left ( c_{1}^{2}+c_{2}^{2}\right )}^{2}+c_{3}^{4}}{{\left ( c_{1} ^{2}+c_{2}^{2}\right )}^{2}-c_{3}^{4}}\right ) \\ =&{\left ( \cos ^{2}\phi \sin ^{2}\theta +{\left ( \cos \theta \sin \varphi -\sin \theta \cos \varphi \sin \phi \right )}^{2}-{\left ( \cos \theta \cos \varphi +\sin \theta \sin \phi \sin \varphi \right )}^{2}\right )}^{n_{3}}\\ & {\cal P}_{n_{3}}\left ( \frac {\left ( \cos ^{2}\phi \sin ^{2}\theta +{\left ( \cos \theta \sin \varphi -\sin \theta \cos \varphi \sin \phi \right )}^{2}\right ) ^{2}+{\left ( \cos \theta \cos \varphi +\sin \theta \sin \phi \sin \varphi \right )}^{4} }{\cos ^{2}\phi \sin ^{2}\theta +{\left ( \cos \theta \sin \varphi -\sin \theta \cos \varphi \sin \phi \right )}^{2}-{\left ( \cos \theta \cos \varphi +\sin \theta \sin \phi \sin \varphi \right )}^{2}}\right )\nonumber .\end {align}


$_2$


$\underline {n_{1}=0, n_{2}\neq 0, n_{3}= 0}$


$n_{1} = 0$


$n_{3} = 0$


\begin {equation}\gamma _{\sigma }^{0,n_{2},0}= {\sum _{k=0}^{n_{2}-\sigma }} {\left ( A_{0,n_{2},0}^{k,n_{2}-k-\sigma }\right )}^{2}=\tfrac {n_{2}!{\left ( b_{3}^{2}\right )}^{\sigma }}{\sigma !\left ( n_{2}-\sigma \right ) !}{\left ( b_{1}^{2}+b_{2}^{2}\right )}^{n_{2}-\sigma }.\end {equation}


\begin {equation}\textrm {tr}\rho _{0,n_{2},0}^{C}=\textrm {tr}\rho _{0,n_{2},0}^{AB}= {\sum _{\sigma =0}^{n_{2}}} \gamma _{\sigma }^{0,n_{2},0}=\left ( b_{1}^{2}+b_{3}^{2}+b_{2}^{2}\right ) ^{n_{2}}=1.\end {equation}


\begin {equation}P_{n_{1},n_{2},n_{3}}^{C}\left ( \theta ,\varphi ,\phi \right ) =P_{n_{1} ,n_{2},n_{3}}^{AB}\left ( \theta ,\varphi ,\phi \right ) =\textrm {tr}{\left ( \rho _{n_{1},n_{2},n_{3}}^{C}\right )}^{2}= {\textstyle \sum \limits _{\sigma =0}^{n_{1}+n_{2}+n_{3}}} {\left ( \gamma _{\sigma }^{n_{1},n_{2},n_{3}}\right )}^{2}.\end {equation}


$n_{1}=0,n_{2}\neq 0,n_{3}=0$


\begin {align}P_{0,n_{2},0}^{C}\left ( \theta ,\varphi ,\phi \right ) & = {\textstyle \sum \limits _{\sigma =0}^{n_{2}}} {\left ( \gamma _{\sigma }^{0,n_{2},0}\right )}^{2}={\left ( {\left ( b_{1} ^{2}+b_{2}^{2}\right )}^{2}-b_{3}^{4}\right )}^{n_{2}}{\cal P}_{n_{2}}\left ( \frac {{\left ( b_{1}^{2}+b_{2}^{2}\right )}^{2}+b_{3}^{4}}{{\left ( b_{1} ^{2}+b_{2}^{2}\right )}^{2}-b_{3}^{4}}\right ) \\ & ={\left ( \sin ^{2}\phi +\cos ^{2}\phi \cos ^{2}\varphi -\cos ^{2}\phi \sin ^{2}\varphi \right )}^{n_{2}} {\cal P}_{n_{2}}\left ( \frac {{\left ( \sin ^{2}\phi +\cos ^{2}\phi \cos ^{2}\varphi \right )}^{2}+\cos ^{4}\phi \sin ^{4}\varphi }{\sin ^{2}\phi +\cos ^{2}\phi \cos ^{2}\varphi -\cos ^{2}\phi \sin ^{2}\varphi }\right ).\end {align}


$n_2=1,2$


\begin {align}&P_{0,1,0}^{C}\left ( \theta ,\varphi ,\phi \right ) ={\left ( \sin ^{2}\phi +\cos ^{2}\phi \cos ^{2}\varphi \right )}^{2}+\cos ^{4}\phi \sin ^{4}\varphi , \\ & P_{0,2,0}^{C}\left ( \theta ,\varphi ,\phi \right ) =\frac {3}{2}{\left ( {\left ( \sin ^{2}\phi +\cos ^{2}\phi \cos ^{2}\varphi \right )}^{2}+\cos ^{4}\phi \sin ^{4}\varphi \right )}^{2} -\frac {1}{2}{\left ( \sin ^{2}\phi +\cos ^{2}\phi \cos ^{2}\varphi -\cos ^{2} \phi \sin ^{2}\varphi \right )}^{2}.\end {align}


$_3$


$\underline {n_{1}\neq 0, n_{2}=0, n_{3}= 0}$


$n_{2} = 0$


$n_{3} = 0$


\begin {align}\gamma _{\sigma }^{n_{1},0,0}=& {\sum _{l=0}^{n_{1}-\sigma }} {\left ( A_{n_{1},0,0}^{k,n_{1}-k-\sigma }\right )}^{2}\\ =&\tfrac {n_{1}!\left ( a_{3}^{2}\right )^{\sigma }}{\sigma !\left ( n_{1}-\sigma \right ) !}\left ( a_{1}^{2}+a_{2}^{2}\right )^{n_{1}-\sigma },\end {align}


\begin {equation}\textrm {tr}\rho _{n_{1},0,0}^{C}=\textrm {tr}\rho _{n_{1},0,0}^{AB}= {\sum _{\sigma =0}^{n_{1}} \gamma _{\sigma }^{n_{1},0,0} } ={\left ( a_{1}^{2}+a_{3}^{2}+a_{2}^{2}\right )}^{n_{1}}=1.\end {equation}


\begin {align}P_{n_{1},0,0}^{C}\left ( \theta ,\varphi ,\phi \right ) =& \left ( \left ( a_{1} ^{2}+a_{2}^{2}\right )^{2}-a_{3}^{4}\right )^{n_{1}} {\cal P}_{n_{1}}\left ( \frac {{\left ( a_{1}^{2}+a_{2}^{2}\right )}^{2}+a_{3}^{4}}{\left ( a_{1} ^{2}+a_{2}^{2}\right )^{2}-a_{3}^{4}}\right ) \\ =&\left ( \cos ^{2}\theta \cos ^{2}\phi +\left ( \sin \theta \sin \varphi +\cos \theta \cos \varphi \sin \phi \right )^{2}-\left ( \cos \theta \sin \phi \sin \varphi -\sin \theta \cos \varphi \right )^{2}\right )^{n_{1}}\nonumber \\ & {\cal P}_{n_{1}}\left ( \tfrac {\left ( \cos ^{2}\theta \cos ^{2}\phi +\left ( \sin \theta \sin \varphi +\cos \theta \cos \varphi \sin \phi \right )^{2}\right ) ^{2}+{\left ( \cos \theta \sin \phi \sin \varphi -\sin \theta \cos \varphi \right )}^{4} }{\cos ^{2}\theta \cos ^{2}\phi +\left ( \sin \theta \sin \varphi +\cos \theta \cos \varphi \sin \phi \right )^{2}-\left ( \cos \theta \sin \phi \sin \varphi -\sin \theta \cos \varphi \right )^{2}}\right ),\end {align}


$n_1=1,2$


\begin {align}P_{1,0,0}^{C}\left ( \theta ,\varphi ,\phi \right ) =&\left ( \cos ^{2}\theta \cos ^{2}\phi +\left ( \sin \theta \sin \varphi +\cos \theta \cos \varphi \sin \phi \right )^{2}\right )^{2}+\left ( \cos \theta \sin \phi \sin \varphi -\sin \theta \cos \varphi \right )^{4}, \\ P_{2,0,0}^{C}\left ( \theta ,\varphi ,\phi \right ) = &\frac {3}{2}\left ( \left ( \cos ^{2}\theta \cos ^{2}\phi +\left ( \sin \theta \sin \varphi +\cos \theta \cos \varphi \sin \phi \right )^{2}\right )^{2}+\left ( \cos \theta \sin \phi \sin \varphi -\sin \theta \cos \varphi \right )^{4}\right )^{2}\nonumber \\ & -\frac {1}{2}\left ( \cos ^{2}\theta \cos ^{2}\phi +\left ( \sin \theta \sin \varphi +\cos \theta \cos \varphi \sin \phi \right )^{2}-\left ( \cos \theta \sin \phi \sin \varphi -\sin \theta \cos \varphi \right )^{2}\right )^{2}.\end {align}


$n_1 = 0$


$n_2 = 0$


$n_3 \neq 0$


$n_{3}=1$


$n_{3}=2$


$P_{0,0,n_3}^{A}$


$n_3 = 1, 2$


$P^A_{0,0,1}=P^A$


$\theta $


$\phi $


$\in [-\pi , \pi ]$


$P_{0,0,1}^{A}$


$\theta $


$\phi $


$\theta $


$\phi $


$P_{0,0,n_3}^{B}$


$n_3=1,2$


\begin {align}P_{0,0,1}^{B}\left ( \theta ,\varphi ,\phi \right ) =&\left ( \cos ^{2}\phi \sin ^{2}\theta +\left ( \cos \theta \cos \varphi +\sin \theta \sin \phi \sin \varphi \right )^{2}\right )^{2} +{\left ( \cos \theta \sin \varphi -\sin \theta \cos \varphi \sin \phi \right )}^{4} \label {pb001}, \\ P_{0,0,2}^{B}\left ( \theta ,\varphi ,\phi \right ) =& \frac {3}{2}\left ( \left ( \cos ^{2}\phi \sin ^{2}\theta +\left ( \cos \theta \cos \varphi +\sin \theta \sin \phi \sin \varphi \right )^{2}\right )^{2}+\left ( \cos \theta \sin \varphi -\sin \theta \cos \varphi \sin \phi \right )^{4}\right )^{2}\nonumber \\ & -\frac {1}{2}\left ( \cos ^{2}\phi \sin ^{2}\theta +\left ( \cos \theta \cos \varphi +\sin \theta \sin \phi \sin \varphi \right )^{2}-\cos ^{2}\theta \sin ^{2}\varphi \right )^{2}.\end {align}


$P^B_{0,0,1}=P^B$


$\theta $


$\phi $


$\in [-\pi , \pi ]$


$\varphi =\frac {\pi }{2}$


$P_{0,0,1}^{B}$


$\theta $


$\phi \in [-\pi , \pi ]$


$\varphi =\frac {\pi }{4}$


$P_{0,0,n_3}^{C}$


$n_3=1,2$


\begin {align}P_{0,0,1}^{C}\left ( \theta ,\varphi ,\phi \right ) =&\left ( \left ( \cos \theta \sin \varphi -\sin \theta \cos \varphi \sin \phi \right )^{2}+\cos ^{2}\phi \sin ^{2}\theta \right )^{2}+\left ( \cos \theta \cos \varphi +\sin \theta \sin \phi \sin \varphi \right )^{4}\label {pc001}, \\ P_{0,0,2}^{C}\left ( \theta ,\varphi ,\phi \right ) =&\frac {3}{2}\left ( \left ( \left ( \cos \theta \sin \varphi -\sin \theta \cos \varphi \sin \phi \right ) ^{2}+\cos ^{2}\phi \sin ^{2}\theta \right )^{2}+\left ( \cos \theta \cos \varphi +\sin \theta \sin \phi \sin \varphi \right )^{4}\right )^{2}\nonumber \\ & -\frac {1}{2}\left ( \left ( \cos \theta \sin \varphi -\sin \theta \cos \varphi \sin \phi \right )^{2}+\cos ^{2}\phi \sin ^{2}\theta -\left ( \cos \theta \cos \varphi +\sin \theta \sin \phi \sin \varphi \right )^{2}\right )^{2}.\end {align}


$P^C_{0,0,1}=P^C$


$\theta $


$\phi $


$\in [-\pi , \pi ]$


$\varphi =\frac {\pi }{4}$


$P_{0,0,1}^{C}$


$\theta $


$\phi \in [-\pi , \pi ]$


$\varphi =\frac {\pi }{4}$


$C$


$\psi _{0,0,0}^{ABC}$


\begin {equation}\psi _{0,0,0}^{ABC}\left ( x_{1},x_{2},x_{3}\right ) =\left ( \tfrac {m\varpi }{\pi \hbar }\right )^{\frac {3}{4}}e^{-\tfrac {m\varpi }{2\hbar }\left ( \mu _{1}^{2}x_{1}^{2}+\mu _{2}^{2}x_{2}^{2}+\mu _{3}^{2}x_{3}^{2}\right ) },\end {equation}


\begin {equation}S_{vN}^{0,0,0}=0.\end {equation}


$\psi _{1,0,0}^{ABC}$


\begin {equation}\psi _{1,0,0}^{ABC}\left ( x_{1},x_{2},x_{3}\right ) =\tfrac {1}{\sqrt {2} }{\left ( \tfrac {m\varpi }{\pi \hbar }\right )}^{\frac {3}{4}}e^{-\tfrac {m\varpi }{2\hbar }\left ( \mu _{1}^{2}x_{1}^{2}+\mu _{2}^{2}x_{2}^{2}+\mu _{3}^{2} x_{3}^{2}\right ) }H_{1}\left ( \sqrt {\tfrac {m\varpi }{\hbar }}q_{1}\right ),\end {equation}


\begin {equation}q_{1}=\mu _{1}\cos \theta \cos \phi x_{1}-\mu _{2}\left ( \sin \theta \sin \varphi +\cos \theta \cos \varphi \sin \phi \right ) x_{2}-\mu _{3}\left ( \sin \theta \cos \varphi -\cos \theta \sin \phi \sin \varphi \right ) x_{3}.\end {equation}


$H_{1}\left ( \sqrt {\tfrac {m\varpi }{\hbar }}q_{1}\right )$


\begin {equation}H_{1}(\sqrt {\tfrac {m\varpi }{\hbar }}q_{1})=2\sqrt {\tfrac {m\varpi }{\hbar }}q_{1}.\end {equation}


$\rho _{1,0,0}^{A}(x_{1},x_{1}^{\prime })$


\begin {equation}\rho _{1,0,0}^{A}\left ( x_{1},x_{1}^{\prime }\right ) =\int \int \psi _{1,0,0}^{ABC}\left ( x_{1},x_{2},x_{3}\right ) \psi _{1,0,0}^{\ast ABC}\left ( x_{1}^{\prime },x_{2},x_{3}\right ) dx_{2}dx_{3}.\end {equation}


$x_{2}$


$x_{3}$


\begin {equation}\rho _{1,0,0}^{A}\left ( x_{1},x_{1}^{\prime }\right ) =\sqrt {\tfrac {m\varpi }{\pi \hbar }}\mu _{1}\left ( \frac {2m\varpi \mu _{1}^{2}}{\hbar }\cos ^{2}\theta \cos ^{2}\phi x_{1}x_{1}^{\prime }+\sin ^{2}\theta +\cos ^{2}\theta \sin ^{2} \phi \right ) e^{-\tfrac {m\varpi }{2\hbar }\mu _{1}^{2}\left ( x_{1}^{2} +x_{1}^{\prime 2}\right ) },\end {equation}


\begin {equation}\lambda _{0}=\cos ^{2}\theta \cos ^{2}\phi , \qquad \lambda _{1}=\sin ^{2}\theta +\cos ^{2}\theta \sin ^{2}\phi .\end {equation}


$\rho _{1,0,0}^{A}$


\begin {equation}S_{vN}^{1,0,0} = -\left (\cos ^{2}\theta \cos ^{2}\phi \right )\ln \!\left (\cos ^{2}\theta \cos ^{2}\phi \right ) -\left (\sin ^{2}\theta +\cos ^{2}\theta \sin ^{2}\phi \right ) \ln \!\left (\sin ^{2}\theta +\cos ^{2}\theta \sin ^{2}\phi \right ),\end {equation}


$u=\cos ^{2}\theta \cos ^{2}\phi $


$0 \leq u \leq 1$


$\ln 2$


$u =\frac {1}{2}$


$u = 0$


$u = 1$


\begin {equation}S_{vN}^{0,0,0} \leq S_{vN}^{1,0,0} \leq \ln 2.\end {equation}


$\psi _{0,0,0}^{ABC}(x_1,x_2,x_3)$


$\psi _{1,0,0}^{ABC}(x_1,x_2,x_3)$


$\psi _{1,0,0}^{ABC}$


\begin {equation}p_{1,0,0}^{A}\left ( x_{1}\right ) =\sqrt {\tfrac {m\varpi }{\pi \hbar }}\mu _{1}\left ( \frac {2m\varpi \mu _{1}^{2}}{\hbar }\cos ^{2}\theta \cos ^{2}\phi x_{1}^{2}+\sin ^{2}\theta +\cos ^{2}\theta \sin ^{2}\phi \right ) e^{-\tfrac {m\varpi }{\hbar }\mu _{1}^{2}x_{1}^{2}}.\end {equation}


\begin {equation}\left \langle x_{1}^{2}\right \rangle _{1,0,0}=\frac {\hbar \left ( 1+2\cos ^{2}\theta \cos ^{2}\phi \right ) }{2m\varpi \mu _{1}},\qquad \left \langle x_{1} ^{4}\right \rangle _{1,0,0}=\frac {3\hbar ^{2}\left ( 1+4\cos ^{2}\theta \cos ^{2}\phi \right ) }{{\left ( 2m\varpi \mu _{1}\right )}^{2}},\end {equation}


\begin {equation}\kappa =\frac {\left \langle x_{1}^{4}\right \rangle _{1,0,0}}{\left \langle x_{1}^{2}\right \rangle _{1,0,0}^{2}}=\frac {3\left ( 1+4\cos ^{2}\theta \cos ^{2}\phi \right ) }{{\left ( 1+2\cos ^{2}\theta \cos ^{2}\phi \right )}^{2}}.\end {equation}


$\kappa =\frac {\langle x_{1}^{4}\rangle _{0,0,0}}{\langle x_{1}^{2}\rangle _{0,0,0}^{2}}=3$


\begin {align}W_{1,0,0}^{ABC}(x_{1},x_{2},x_{3},p_{1},p_{2},p_{3}) =&\tfrac {1}{{\left ( \pi \hbar \right )}^{3}}\int \psi _{1,0,0}^{ABC}(x_{1} +y_{1},x_{2}+y_{2},x_{3}+y_{3})\psi _{1,0,0}^{\ast ABC}(x_{1}-y_{1},x_{2} -y_{2},x_{3}-y_{3})\nonumber \\ & \times e^{-\frac {2i}{\hbar }\left ( p_{1}y_{1}+p_{2}y_{2}+p_{3}y_{3}\right ) }dy_{1}dy_{2}dy_{3}.\end {align}


\begin {align}W_{1,0,0}^{ABC}(x_{1},x_{2},x_{3},p_{1},p_{2},p_{3}) =\tfrac {1}{{\left ( \pi \hbar \right )}^{3}}e^{-\frac {m\varpi }{\hbar }\left ( \mu _{1}^{2}x_{1}^{2}+\mu _{2}^{2}x_{2}^{2}+\mu _{3}^{2}x_{3}^{2}\right ) -\frac {1}{m\varpi \hbar }\left ( \frac {p_{1}^{2}}{\mu _{1}^{2}}+\frac {p_{2}^{2} }{\mu _{2}^{2}}+\frac {p_{3}^{2}}{\mu _{3}^{2}}\right ) }\left ( \frac {2m\varpi }{\hbar }q_{1}^{2}+\frac {2}{m\varpi \hbar }\left ( q_{1}^{\left ( p\right ) }\right )^{2}-1\right ),\end {align}


$q_{1}^{\left ( p\right )}$


\begin {equation}q_{1}^{\left ( p\right ) }=\tfrac {1}{\mu _{1}}\cos \theta \cos \phi p_{1} -\tfrac {1}{\mu _{2}}\left ( \sin \theta \sin \varphi +\cos \theta \cos \varphi \sin \phi \right ) p_{2}-\tfrac {1}{\mu _{3}}\left ( \sin \theta \cos \varphi -\cos \theta \sin \phi \sin \varphi \right ) p_{3}.\end {equation}


\begin {equation}W_{1,0,0}^{A}(x_{1},p_{1})=\int W_{1,0,0}^{ABC}(x_{1},x_{2},x_{3},p_{1} ,p_{2},p_{3})dx_{2}dx_{3}dp_{2}dp_{3}.\end {equation}


$q_{1}^{2}$


$x$


${\left ( q_{1}^{\left ( p\right ) }\right )}^{2}$


$p$


\begin {equation}W_{1,0,0}^{A}(x_{1},p_{1})=\tfrac {1}{\pi \hbar }e^{-\frac {m\varpi }{\hbar }\mu _{1}^{2}x_{1}^{2}-\frac {1}{m\varpi \hbar }\frac {p_{1}^{2}}{\mu _{1}^{2}}}\left ( \tfrac {2m\varpi \mu _{1}^{2}\cos ^{2}\theta \cos ^{2}\phi }{\hbar }x_{1}^{2} +\tfrac {2\cos ^{2}\theta \cos ^{2}\phi }{\mu _{1}^{2}m\varpi \hbar }p_{1}^{2} +1-2\cos ^{2}\theta \cos ^{2}\phi \right ),\end {equation}


$W_{0,0,0}^{A}$


\begin {equation}W_{0,0,0}^{A}(x_{1},p_{1})=\tfrac {1}{\pi \hbar }e^{-\frac {m\varpi }{\hbar }\mu _{1}^{2}x_{1}^{2}-\frac {1}{m\varpi \hbar }\frac {p_{1}^{2}}{\mu _{1}^{2}}},\end {equation}


$n$


$N$


$\left (x_{1},x_{2}\right )$


$D_{13},D_{23}\longrightarrow 0$


$J_{13},J_{23}\longrightarrow 0$


\begin {equation}H= H_{0}+\frac {p_{3}^{2}}{2m_{3}}+\frac {1}{2}m_{3}\omega _{3}^{2}x_{3}^{2},\end {equation}


$H_{0}$


$\left ( x_{1},x_{2}\right )$


\begin {equation}H_{0}=\frac {p_{1}^{2}}{2m_{1}}+\frac {p_{2}^{2}}{2m_{2}}+\frac {1}{2}m_{1} \omega _{1}^{2}x_{1}^{2}+\frac {1}{2}m_{2}\omega _{2}^{2}x_{2}^{2}+\frac {1} {2}D_{12}x_{1}x_{2}.\end {equation}


$\tilde {J}_{13}=0$


$\tilde {J}_{23}=0$


$\theta \longrightarrow 0$


$\varphi \longrightarrow 0$


\begin {equation}\tfrac {2J_{12}}{\omega _{1}^{2}-\omega _{2}^{2}}\longrightarrow \tfrac {2\tilde {J}_{12}}{\tilde {\omega }_{1}^{2}-\tilde {\omega }_{2}^{2}}=-\tan 2\phi .\end {equation}


$\left (x_{1}, x_{2}\right )$


\begin {equation}H=\left ( \frac {p_{1}^{2}}{2m}+\frac {p_{2}^{2}}{2m}+\frac {m}{2}kq_{1} ^{2}+\frac {m}{2}kq_{2}^{2}\right ) +\frac {p_{3}^{2}}{2m_{3}}+\frac {1} {2}m\omega _{3}^{2}q_{3}^{2},\end {equation}


\begin {equation}q_{1}=\mu _{1}\cos \phi x_{1}-\mu _{2}\sin \phi x_{2},\qquad q_{2}=\mu _{1}\sin \phi x_{1}+\mu _{2}\cos \phi x_{2},\qquad q_{3}=\mu _{3}x_{3}.\end {equation}


\begin {align}a_{1} & =\cos \phi ,\qquad b_{1}=\sin \phi ,\qquad c_{1}=0,\\ a_{2} & =-\sin \phi ,\qquad b_{2}=\cos \phi ,\qquad c_{2}=0,\\ a_{3} & =0,\qquad b_{3}=0,\qquad c_{3}=1,\end {align}


\begin {equation}i_{2}=k-i_{1},\qquad j_{1}=n_{1}-i_{1},\qquad j_{2}=n_{2}-k+i_{1},\qquad l=n_{1}+n_{2}-k.\end {equation}


\begin {align}A_{n_{1},n_{2},n_{3} }^{k,l}=A_{n_{1},n_{2}}^{k}\delta _{l,n_{1}+n_{2}-k},\end {align}


$A_{n_{1},n_{2}}^{k}$


\begin {align}A_{n_{1},n_{2}}^{k} =\tfrac {\sqrt {k!\left ( n_{1}+n_{2}-k\right ) !}\left ( -\sin \phi \right ) ^{n_{1}-k}{\left ( \allowbreak \cos \phi \right )}^{n_{2}-k}P_{k}^{\left ( n_{1}-k,n_{2}-k\right ) }\left ( \cos 2\phi \right ) }{\sqrt {n_{1}!n_{2}!}}.\end {align}


\begin {align}&P_{n}^{\left ( \rho ,m-n\right ) }\left ( z\right ) =\tfrac {m!}{n!} \tfrac {\Gamma \left ( n+\rho +1\right ) }{\Gamma \left ( m+\rho +1\right ) }{\left ( \tfrac {z+1}{2}\right )}^{n-m}P_{m}^{\left ( \rho ,n-m\right ) }\left ( z\right ), \\ &P_{n}^{\left ( \rho ,\sigma \right ) }\left ( z\right ) =\left ( \tfrac {1-z} {2}\right )^{n}P_{n}^{\left ( -\rho -\sigma -2n-1,\sigma \right ) }\left ( \frac {z+3}{z-1}\right ).\end {align}


\begin {align}\lambda _{k} &=\sum \limits _{l} {\left ( A_{n_{1},n_{2},n_{3}}^{k,l}\right )}^{2}={\left ( A_{n_{1},n_{2}}^{k}\right )}^{2}\\ &=\tfrac {n_{1}!n_{2} !\sin ^{2\left ( n_{1}+k\right ) }\left ( \phi \right ) \cos ^{2\left ( n_{2}-k\right ) }\left ( \phi \right ) {\left ( P_{n_{1}}^{\left ( -n_{1} -n_{2}-1,n_{2}-k\right ) }\left ( -\frac {2+\tan ^{2}\left ( \phi \right )}{\tan ^{2}\left ( \phi \right ) } \right ) \right )}^{2}}{k!\left ( n_{1} +n_{2}-k\right ) !}.\end {align}


\begin {equation}\sum \limits _{l}A_{n_{1},n_{2},n_{3}}^{k,l}\varphi _{k}\left ( x_{1}\right ) \phi _{l}\left ( x_{2}\right ) \chi _{n_{1}+n_{2}+n_{3}-k-l}\left ( x_{3}\right ) \longrightarrow A_{n_{1},n_{2}}^{k}\varphi _{k}\left ( x_{1}\right ) \phi _{n_{1}+n_{2}-k}\left ( x_{2}\right ) \chi _{n_{3}}\left ( x_{3}\right ),\end {equation}


\begin {equation}\psi ^{ABC}=\sum _{k}A_{n_{1},n_{2}}^{k}\varphi _{k}\left ( x_{1}\right ) \phi _{n_{1}+n_{2}-k}\left ( x_{2}\right ) \chi _{n_{3}}\left ( x_{3}\right ) =\psi ^{AB}\left ( x_{1},x_{2}\right ) \chi _{n_{3}}\left ( x_{3}\right ),\end {equation}


$\psi ^{AB}\left ( x_{1},x_{2}\right )$


\begin {equation}\psi ^{AB}\left ( x_{1},x_{2}\right ) =\sum _{k}A_{n_{1},n_{2}}^{k}\varphi _{k}\left ( x_{1}\right ) \phi _{n_{1}+n_{2}-k}\left ( x_{2}\right ),\end {equation}
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possible partitions and the variety of quantum correlations that can occur. For three parties, A, B, and C, in a pure state, a natural
generalization of the Schmidt decomposition allows the global state to be expressed as a superposition of product states across different
bipartitions [19,20]. Unlike in the bipartite case, where at most two Schmidt coefficients can be non-zero, an infinite number of
Schmidt coefficients can contribute in the multipartite setting. This richer structure necessitates the development of specialized tools
and measures for classifying and detecting tripartite and higher-order entanglement [21-23]. Several experimental platforms can
realize genuine three-body entanglement, including trapped-ion crystals [24-26], superconducting qubits [27,28], cavity and circuit
QED systems [29-31], and optomechanical architectures [32-34]. Despite this progress, a detailed understanding of how specific
model Hamiltonians generate distinct forms of multipartite entanglement remains an important open problem.

In response to the previous question, we show how tripartite entanglement can be generated by modeling a system of three
interacting particles as three coupled quantum harmonic oscillators. This is achieved by decomposing the total wavefunction into
a superposition of single-particle states through Schmidt-mode expansions. Our analysis reveals how the resulting entanglement
depends on the mixing angles induced by the couplings, thereby extending the work of Makarov [16], who studied entanglement
in two coupled harmonic oscillators controlled by a single external parameter. Building on our previous work [35], we first derive
the energy spectrum of the system. We then express the total wavefunction as a combination of individual particle wavefunctions
parameterized by Schmidt coefficients. These coefficients can be obtained explicitly in terms of the Exton hypergeometric function
K¢ after a sequence of algebraic manipulations. We show that the Schmidt coefficients and consequently the entanglement properties,
depend on the type of interaction between the particles, corresponding to the different bipartitions (A-BC, B-AC, C-AB), leading to
three distinct Schmidt-mode decompositions. For each case, we first determine the reduced density matrix and then derive the purity
function. This shows that classifying states based on subsystem partition is essential for meaningfully discussing entanglement because
each interaction exhibits a distinct entanglement behavior. Our numerical analysis shows the effectiveness of each interaction in
producing entanglement. While some interactions may exhibit instability or reduced entanglement purity, others may offer advantages
under specific conditions. By appropriately adjusting the system parameters, we can recover the key results outlined by Makarov [16].
Our results could guide future research to optimize coupling configurations in order to enhance entanglement in practical quantum
systems.

It is important to note that the studied Hamiltonian is quadratic, which implies the ground state is Gaussian. The ground state and
its entanglement properties are well understood, as discussed in [35]. However, the picture changes significantly when we examine
the excited states. Although the Hamiltonian remains quadratic, the excited states are no longer Gaussian. This may seem surprising
at first, but it is actually a direct consequence of the discrete nature of the energy spectrum. These non-Gaussian states are not only
mathematically different, but they also have a much richer and more intricate structure of quantum correlations. In our study, we aim
to explore these states in detail and demonstrate how their entanglement properties extend beyond the scope of standard Gaussian
tools. Consequently, they require analysis with different tools and a broader perspective. Addressing these non-Gaussian properties
is a technical challenge, but it is necessary for exploring quantum correlations in systems with otherwise simple dynamics.

To emphasize the practical significance of our model, it is important to note that systems of coupled harmonic modes can be
realized in many modern quantum platforms. Examples include optomechanical resonators [36,37], trapped-ion chains [38,39], and
superconducting oscillator networks [40,41]. In these systems, the effective couplings between modes can be engineered through
electromagnetic interactions, laser-mediated forces, or tunable circuit elements. The frequencies ; and coupling parameters D;; can
be controlled with high precision in such systems, allowing for the measurement of entanglement between selected subsystems (e.g.,
A-BC) via state tomography or correlation functions. Our theoretical predictions are robust against moderate detunings of mode
frequencies, and weak damping because the primary effect on entanglement arises from the relative strength of couplings rather than
absolute parameter values. This robustness suggests that the non-Gaussian entanglement features and mode hybridization described
in our study can be experimentally probed with current technologies.

The present paper is organized as follows. In Section 2, we consider the Hamiltonian of three coupled quantum harmonic oscilla-
tors and derive the solutions of the energy spectrum. In Section 3, we turn to the tripartite Schmidt decomposition, and show how the
Schmidt coefficients are necessary for analyzing the entangled states obtained from the eigenstates. In Section 4, we explore entangle-
ment in our system, starting with the general case and progressing to different interaction scenarios. In Section 5, we present several
examples and plots, accompanied by discussions, to illustrate the results obtained from our analysis. In Section 6, we demonstrate
the non-Gaussianity using two approaches: moment analysis and Wigner function negativity. In Appendix A, we treat a special case
of two interacting particles. Finally, we summarize and conclude our findings.

2. Hamiltonian formalism

We consider a stable system of three interacting particles, described by a Hamiltonian representing three coupled harmonic
oscillators with different masses m; and frequencies w; (i = 1,2,3). This is

3 2 3
H = 2 <2% + %m@fx?) + 2 Dyjx;x;, 1)
i=1 i i#j=1
where p; and x; represent the momentum and position operators of each oscillator, respectively, while the coupling terms D; describe
the interaction between neighboring oscillators. To clarify the physical content of the model, we note that the Hamiltonian (1)
represents a generic system of three coupled harmonic modes. This description is widely used as an effective model for various
physical systems, such as mechanical resonators, vibrational modes in molecular systems, optical or microwave cavity modes, and
effective bosonic excitations in solid-state or superconducting circuits [36,42,43]. In this framework, the frequencies w; correspond to

729



A. Merdaci et al. Chinese Journal of Physics 102 (2026) 728-747

the bare mode frequencies, and the coupling parameters D;; (or equivalently J;;) characterize bilinear interactions between different
modes, which may originate from elastic, electromagnetic, or mediated interactions.

Rescaling the phase-space variables and subsequently diagonalizing them using the .SU (3) algebra provides an exact and systematic
way to decouple the interacting modes into independent normal modes with frequencies Z,. This algebraic approach was developed
and discussed in detail in [35]. The mixing angles (9,,9,,9;) naturally arise from this diagonalization procedure and encode the
hybridization of the original modes induced by the couplings. Physically, these angles depend on the relative strengths of the couplings
and the frequency detunings. They can be indirectly tuned in realistic systems by adjusting interaction strengths, external fields, or
geometric configurations. This general formulation allows us to analyze entanglement distribution and mode correlations in a broad

class of multipartite continuous-variable systems. Indeed, we can perform a transformation to write the Hamiltonian (1) as
Lo p2, p2y, M
Hzﬁ(Pl +P+P)+ 3

where the new phase space variables are given by

(0] X7 + 03 X5 + 03 X3) + m(J1n X, Xy + T3 X, X3 + 13X, X;), )

X l‘l_le P u Py
X | = Mz_le s n|=|mh| (3)
X3 1y X P3 uz Py
and we have set
1
1 m;\ 3 Dij
m= (m,m2m3)3, ll,=(—l) s Hypipuz =1, Jij = —/—, @
m h 2\/mim;

with the indices i, j = 1,2, 3. Because the Hamiltonian H (2) contains interaction terms, directly analyzing the fundamental properties

of the system presents significant challenges. However, these difficulties can be avoided by expressing the Hamiltonian in matrix form
as

1 & 1 :

H= " 3 Péy P+ om > XR;X,, 5)

ij=1 ij=1

where the two matrices are given by

o T I X
Ry=[J @ Jnl X={X] ©)
Jis Iy o X3

To diagonalize the Hamiltonian (5), we employ a faithful matrix representation based on the generators of the .SU(3) Lie group.
First, we express the matrix R;; in terms of the Gell-Mann matrices 4; as

Ryj = Jinhy + J13A4 + Jp3 46 + diag (o], 3, 03). )

and make a rotation with three angles (9,, 9,,93)

X Y1 Py }:)1
Xo|=M|n|  |P|=M|B]| ®)
X3 y3 P3 Py

where the matrix M has the form

M = 9347 eiﬁzllz ei-91/15 (9)
cosd, cos I, sind, cosJ, sind,;
=|—sind; sind; — cos J| cos I3 sin I, cos 9, cos 95 cosd; sind; —sind; cosI;sind, |. (10)
—sindj cos 93 +cos 9 sind, sind;  —cosI,sind;  cosd cosI; +sind; sind, sin I,

By employing both (7) and (10), we establish the following relation

; 2 52 y2\ar-1
R;; = Mdiag(2},55,2) M, 1)
and we have set the quantities
o? = (22 cos? 9; + 2 sin® 9, ) cos? 9, + 52 sin® 9, (12)
32 cos? 95+ (=2 cos? 9; +22 sin® 9, ) sin? 9, ) cos? 93+( =2 cos? 9, +E2 sin? 9; ) sin” 93 ¥2_y2
W2 = 2( 2 ( 1 3 ) ) ( 3 ! ) + - 5in29, sin I, sin 295, (13)
2 2 2 :
¥2 cos? 9 +32 sin? 9 cos? 93+ 32 cos? 9+ 32 cos? 9 +32 sin? 9y sin? 9 sin? 93 3232
@ = 2< £l ! ) ( 2 ( ! 3 ) ) — L3 §in 29, sin 9, sin 29, 14
3 2 2 3
():ffzg) cos? ‘91+(2§72§) sin? 9; o5t )
Jp=— 5 sin 29, cos 83 — == sin 29, cos I, sin I3, (15)
(Z?—Z%) cos? 9 +(Z§—Z%) sin” 9 . . 252
Ji5= : sin 29, sin 9; — —==2 5in 29, cos 9, cos 95, (16)

2
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((zg 72§) cos? 9 7(2f 725) sin? 9 ) cos? sz+(2ff>:§) cos29; sin? 9,
2

2 52
Jp3 = =52 sin 29, sin 9, cos 295 — sin 29;. an

It is convenient to define the ratios between the coupling parameters J;; (with i, j = 1,2,3) and the squared frequency differences
! — @’ These ratios are given by

—(E%—Z%) cos? 9] sin 28, cos 83+(E§—E§) sin® 9, sin29, cos 83+(E§—E§) sin 29 cos 9, sin d3

2J
wz—IZ)Z - 1 ’ (18)
1-*2 (2%—2% ) (sin2 9y—cos? 9 cos? 93 )+(2§—2%) (sin2 9 sin? 93—cos2 9 cos? 9,+cos? 9, sin® 9, cos? 93+ 5 $in29) sind; sin 2:93)

(szzg ) cos? 9 sin29, sin 337(25729 sin? 9, sin29, sin 193+(2§ 4%) sin 29, cos ¢ cos 95

2J13
el N , (19)
173 (Zg—Z%) sin2 9 cos? 93—cos? 9 cos? 9,+cos? 9 sin? 9, sin? 93— 3 sin28; sin 9, sin 293 ) +(Z§ —Z§ ) (sinz 9,—cos? 9, sin? :92)
203 (E%—E%)(COS 29, sin? 9, sin 293 —sin 29, sin 9, cos 283)—(2%—E%> cos? 91 cos? 9, sin 283+<2f—2%> sin? 9 cos? 9, sin 293 20)
w5 -} (2232 ) cos? 9 cos 205 +( 2222 ) (sin? 9 cos 285 —cos? 9 sin® 9 cos 203—sin 29 sin 9 sin 295 ) ’
Using the above results, we transform the Hamiltonian (5) into
L g0 p2, g2y, Mis2.2 $2.2 , w22
H=%(Pl+P2+P3)+§(21y1+22y2+23y3), (21

which describes three decoupled harmonic oscillators and, therefore, the energy spectrum can be easily obtained. Indeed, solving the
eigenvalue equation

H | ny,ny,n3) = E, oy | 1y, 09,13), (22)

we end up with the eigenvalues

2 +E5,+ 2
E, nyny = h<21"| +Zpny + E3ny + %) (23)
and the normalized wavefunctions
3 _ﬂ<z P45y 2 4T yz)
mw\ie 2h ITe27m s mx mx mX%
x1%0,%3) = (= ) —F———H, 2y ) H, "y, ) H, 23y, 24
W“MM,%( 1-X2 ?) (ﬂh) \/m ny 7 N1 ny 7 Y2 |y 73 (24)

where n|, n,, ny are integers and H, (i = 1,2,3) denote the Hermite polynomials. Equation (24) explicitly represents a tensor product
of three independent solutions, each corresponding to a one-dimensional harmonic oscillator. To rewrite (24) in terms of the original
variables (x|, x,, x3), we apply the inverse transformations of (8) to express the new coordinates (y;, y,, y3) as

y1 = My cosdycosd, x| — Mz(sinﬂl sin 93 + cos 91 cos 95 sin192)x2 - y3(sin 9 cos 93 — cos I sind, sin 193)x3, (25)
Yo = py Sindy xq + py cos 9, cos I3 x, — p3 cos I, sin Iz x3, (26)
y3 = pycosd,sindy x; + py (cos 91 sin 93 — sin 9 cos 95 sin 192)x2 + 43 (cos 8 cos 93 + sinI; sin I, sin 193)x3, 27)

which can then be substituted into (24) to obtain the exact wavefunctions v, ,, ., (x|, X, X3), representing the solutions of the three
coupled harmonic oscillators with quadratic interactions described by the Hamiltonian (1).

To investigate the entanglement properties of our system using Schmidt modes, we consider a special limiting case. This scenario
arises when the coupling parameters J;; are sufficiently small, i.e., J;; < 1. This condition can be realized by configuring the system
appropriately, such as

Jij =€ dijs

(28)
where the parameter ¢;; is chosen such that ¢;; — 0. We also assume that the oscillator frequencies w; are comparable to each other

and of the same order of magnitude as the coupling parameters J;;. Then, we can write

o} - = e, (a7 - 7). (29)

According to (12-14), a similar relation can be established for the new frequencies
22 _ <2 2
b —zj_el./(zi —zj). (30)

To simplify our calculations, let us consider the case where ¢, = €53 = €;3. Under this assumption, we can establish the following
ratios

Ji - (i% —i%) cos? 6 sin 2¢) cos g+ (2% —ig) sin? 6 sin 2¢) cos g+ (ig —i% ) sin 26 cos ¢ sin @

. , (31)
17%2 (2%—)2% ) (sin2 ¢p—cos? ¢ cos? qz)+ (2%—2%) (sin2 6 sin® @—cos? 0 cos? p+cos? O sin2 ¢ cos? qz+% sin 26 sin ¢ sin 2(p>

(i?—ig) cos? 0 sin 2¢sin qz—(i%—ii) sin? 0 sin 2¢ sin (p+(i% —i%) sin 26 cos ¢ cos @

@2 —i? = . 1 . s (32)
1793 (22—2% ) (sin2 60 cos? p—cos? 0 cos? +cos? 0 sin® ¢ sin? p— 3 sin 20 sin ¢ sin 2(/)) + (E%—Eg ) (sin2 ¢—cos? ¢ sin? (p)
2y (ig—i%)(cos 26 sin? ¢ sin 2¢—sin 20 sin ¢ cos 2(p>—(i§—52§) cos? 6 cos? ¢ sin 2(p+(2%72%) sin2 0 cos? ¢ sin 20 33)
‘1_’% _’7{% (ig—ig ) cos? ¢ cos 2(p+(i§ —if ) (sin2 0 cos 2¢—cos? 0 sin® ¢ cos 2¢—sin 20 sin b sin 2(9)
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Considering all the above requirements, we can express the wavefunctions (24) of the system as
- (¢l

3
— mw Z e 2h mw mw mw
5= S, (o ) ()

where the new variables ¢; have the same forms as in (25-27) except that the angles (9,, 9,, 9;) are replaced by (6, ¢, ), respectively,
namely

gy = pycos0cos e x| — pip(sin 0 sin @ + cos 0 cos @ sin ¢p)x, — pi3(sin O cos @ — cos @ sin ¢ sin @)x3, (35)
Gy = py Sing xq + p, cos pcos @ x, — pi3 cos Ppsin @ x3, (36)
q3 = My cos @sinf x| + pip(cos @ sin @ — sin O cos @ sin ¢p)x, + 3(cos 6 cos @ + sin O sin ¢ sin @)x3. 37)

The corresponding eigenvalues have the forms

3
E nyins =hw(n1 +n2+n3+§), (38)

1
and we set the frequency w = (»,w,w;)?. The established mathematical tools can serve as a starting point to perform a Schmidt
decomposition of the above wavefunctions. This decomposition will allow us to quantify and analyze the entanglement between the
oscillators based on the Schmidt modes.

3. Schmidt decomposition

We emphasize that the ground-state wavefunction is disentangled due to the separability in the zero mode. To proceed further,
let us apply the Schmidt decomposition to express the wavefunctions (34) as

<]

wabe . (x1x.x3) = ]kZOAI,f’II,},";,nS ot (x1) o7 (x2) 25, (x3). (39)
ke m=1

where ¢ (x;), ¢F (x;) and xS (x;) have the forms

1
2

A zh —';—t;ulzﬁ A mw
o (1) =| 7 | e H (5 mxt ), (40)

1
2

B _ﬂyzxz B o
¢, (xz) =15 e 2n'"2 ZHI <\/Tll2x2>, 41)

15

2[5

1
2

mtw mw
27h | 2232
x5 (x3) = 2,,,,:! e 2h MZX3H,S(\/ %Msxs)s (42)
and the Schmidt coefficients can be obtained from the orthogonality conditions as
kim  _ ABC A B c
Ay = ///Wn,,nz,n3 (x1.x2.%3) @ (x1) ] (x2) 1y, (x3)dx,dxydxs, (43)

or equivalent after substitution

3
(mw)f
mw
zh - ( P+ + PP P+l 22 K2
Akdlm ///dx]dxzdx3 T ("1 qy+a5 U X+ S XS4 3) (44)

nyngny
PR amnytm ket mp g A V! m)

Hnl( %%)an(\/%lh)f[@( ?‘Is)H;‘(\/%ﬂlxl)HIB(\/%Mzh)%ﬁ(ﬂ%mxs)

k,l,m

) my.ny» WE Uuse the Rodrigues formula for the Hermite polynomials, which is

To explicitly obtain A

n
Hn(CUX) — % e—t2+2mxt , (45)

t=0

and then (44) becomes

3
( mw ) 2
— muw
Akbm = /// AN s dk al {e-—h (xteudd i)

TS anen e kA ey T U V] ) AXT 4 i dst dwn

—x2+2‘ / mTw [yl c0s 6 cos x| —pip (sin 0 sin p+cos O cos @ sin ¢)x, — 3 (sin O cos p—cos O sin ¢ sin (a)x3]x
e
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—y2+2‘ / % [;4] sin ¢x| 44y cos ¢ cos px,—p3 cos ¢ sin ¢X3]y
e

(46)
—z2+2' / mTw [,ul cos ¢ sin @x |+ (cos 6 sin p—sin 6 cos ¢ sin ¢)x,+u3(cos O cos p+sin @ sin ¢ sin (p)X3] z
e
=172 [ S xgt =sTH24 [ = poxos —woH24 | =/ pzxzw
e h e h e h dxdxydx;.
X, ,Z,t,8,w=0
After performing the integration over the variables x|, x,, x5, we get
Kim dMdm am gk gl gm o Q2a11x g2b11y 261 12 2y 5% 2by 5y 200 52 a3 0x 23wy 23wz 47)
npngny —dx"l dy™2 dz™3 dik ds' dwm \/2n1+n2+n3+k+1+mnl!n2]n3!k!l!m! ’
X, ,Z,t,5,w=0
where we have set the following parameters

a, = cos 6 cos ¢, (48)
by =sing, (49)
¢ =cos¢sind, (50)
a, = —sin @ sin ¢ — cos 0 cos @ sin ¢, (51)

2
b, = cos ¢ cos @, (52)
¢, = cos 0 sin @ — sin O cos @ sin ¢, (53)

2 P 4
a; = cos 0 sin ¢ sin ¢ — sin 0 cos @, (54)

3 4 (2
by = — cos ¢ sin @, (55)
c3 = c0s 0 cos @ + sin 0 sin ¢ sin @. (56)

3 4 (2

As we will see, the above set plays a crucial role in determining the purity functions for different configurations, depending on how
the interactions between the oscillators are treated. We can rewrite (47) in a different form by expanding each exponential as a power
series, which yields

kim  _d" 4" 4" g% gl gm i {ti1+i2+i3Si4+i5+i6wi7+i8+i9xi1+i4+i7yi2+i5+rgzi3+i6+i9
oy =T a7 475 4k 4sl dwm
ANy dx"l dy"2 dz"3 dik ds dumi],-~-j9=0 \/2n1+n2+n3+k+1+mn|!nz!n3!k!l!m!
(2a))"" (25))2 (261)3 (2a3)" (205)'5 (25)'6 (203)7 (283)'8 (2¢)" } (57)
ip! ip! i3! ig! is! ig! iz! ig! ig! x,y,z,r,s,wzo.
. . . k i . . . . . .
By using the identity :71" 0= k'8, ; and taking derivatives with respect to the variables (t, s, w, x, y, z), we obtain
1=l ’
0 i ayey i3 aje3 i bre3 \'2 [ bpez \'4
At =S AT (o) o) ) ) ()" (82)°(32)" (32)"(38)
N3 e 0 (n3—k—I+iy+ip+iz+ig)! (ny—ig—ig)!(1=iz—ig )1 (k—iy—in)!(ny =iy —iz )iy tinlizlig!
i oo =
Biyviyrisk Oiytistigd Sigtigtiom Oiy+igtizny Oiytis+igmy Oigtig+igns: (58)
It is convenient to introduce Exton’s hypergeometric function, defined as [44]
® (1) iy sy (92) s (03 ) (@) iyt 3
E xM1 M2 ZM3 M4
Kig(ay, ap. 23,043 8: %, 3. 2,1) = ) T st L (59

By +my +ma+ mylmylmsylmy!
1y 3 g =0 iy -+ +m+my

I'(a+k) — (—l)k I'(1-a)

where (a), is the Pochhammer symbol (a), = As a result, we show that (58) can be expressed in terms of K

T'(a) T(-a—k) "
as
k 1 —k—1
km s /s U gy s —k=1) 1 (a3)" (83)"2 (1) (€2)' (e3)"
npyny Tty k=l (n3—k—1)tny Ky 1Y
e —k —n —] e — ke — L @e a3 by b
Kl()( ny,—k,—ny,=lyny — k [+1’cza3’c1a3’c|b3’ezb3 ), (60)

which implies that to avoid vanishing coefficients, the condition m + k + I = n; + n, + n; must be satisfied. Here, K4 is a four-variable
polynomial of order n,, k, n,, . By summing over m, we obtain the Schmidt coefficients

Ak =Y gklm 5 61)

ny,nyn3 ny,ny,ng Cmny+ny+ny—k—l
m
ny ny ko N \m3—k=l
n3 kWY (ny+ny+ny—k—1)!(a3)" (b3)"2 (c1)" (e2)' (c3)
(n3—k—=1)/1ny Iny k111

K16(—n|,—k,—n2,—l;n3—k—l+1;% 4G bie bzﬁ). (62)

a3’ cjay’ ¢y’ by
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Substituting this into (39) to write the wavefunctions as

W':\lii",% (xl,xz,x3) = Aﬁ’llynzynz (p;: (xl) ¢IB (xz)lncl+nz+n3—k—l(x3)' (63)
k,l

Having derived (63) together with (62), we now proceed to explore their applications. In particular, we will use the associated density
matrices to determine the purity functions and investigate the fundamental properties of entanglement.

4. Entanglement analysis

We begin our analysis of entanglement in the present system by first considering the general case and then examining more specific
configurations. This combined approach allows us to clearly demonstrate our results and highlight the fundamental properties that
depend on the underlying physical parameters. By analyzing both broad and particular scenarios, we illustrate how entanglement is
influenced by different conditions within the system and identify the key features that emerge under various parametric regimes. This
progression from the general framework to specific examples provides deeper insight into how the nature of entanglement evolves
with the dynamical settings governing the system.

4.1. Generic case

There are three distinct ways to construct the Schmidt decomposition of the wavefunctions (63), depending on the interaction
configuration considered [45]:

Interaction  Separated subsystem Common subsystem

A-BC A BC
B-AC B AC
C-AB C AB

From this table we observe that there are three distinct ways to apply the Schmidt decomposition, i.e., the same wavefunctions
(63) can be expressed in different forms. This flexibility allows for alternative representations of the entanglement structure of the
system. These are given by

ny+ny+nz

Yoy (1 X2, X3) = ]Z«O Vi @ (x1) 87 (xp,x3) (64)
nl+n2+'l3 B AC

= 120 \/FI ¢; (xz) @ (xl,x3) (65)
ny+ny+nsz c AB

= Vo 25 (x3) B3 (x1,x), (66)

o=l

where the sets {;(x))},{65(x,)}, and {yS(x3)} consist of orthonormal pairs of single-particle states, while the sets
{@fc(xz, x3)}, {<I>IAC (x1.x3) }, and {48 (x,,x,)} contain orthonormal pairs of two-particle states, defined as

BC ny+ny+n3—k
107 (xz,x3) = IZE) ¢1(x2) /Ynl+n2+n3—k—l(x3)’ (67)
AC ny+ny+n3—I
(I)] (x],x3) = kzo (pk(xl) Zﬂ1+n2+n3—k—/<x3)’ (68)
AB ny+ny+n3—o
28 (x1.xy) = kZO @ (x1) ¢n,+n2+n3—k—a(x2)a (69)
while the parameters o, = o', f; = §/""*", and y, = y,""™" depend on the Schmidt modes and take the forms
ny+ny+n3—k 5
- Kl
G= Y (An]mm) , 70)
1=0
ny+ny+nz—I 5
- Kl
a= Y (A,) 71)
k=0
ny+ny+n3—o . i 2
Ny +ny+ny—k—o
Yo = (An”l«z,n; : ) ’ (72)
k=0

and they are simply the eigenvalues of the reduced density matrices (p”, pB), (p®, pA€), and (pC, p*B), respectively, defined as

ny+ny+ny nytnytng
ot = Py o (xi) (%)), pC = Pl O (x2,x3) ;7 (x). x3). (73)
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V11+Vl2+ﬂ3 VII+V12+713

o’ = z A ¢ (x2) 7% (xy), o= z A O (x1,x3) @4 (x], x}), 74)
ny+ny+n3 nyt+ny+ng

=R ) ) M= R S () S ) 79
o=l —

From these densities, we can derive the corresponding purity functions Prf? . ”2(6’, @, D), Prﬁ - , 9, ¢), and P”C] - 0, @, ¢). This
constitutes the focus of the subsequent analysis, in which we examine various configurations the quantum numbers (1, n,, n3), with
a particular emphasis on entanglement as the central aspect of the investigation.

4.2. A-BC interaction

4.2.1. Purity analysis
We first consider the A-BC configuration, described by the Schmidt decomposition given in (64), which reads

ABC TR A BC
g (1. %0, x3) 22 = Eo Ve o (x1) 97 (xp.x3). (76)

We then analyze three distinct scenarios: (n; = 0,n, =0,n3 # 0),(n; =0,n, # 0,n3 =0), and (n; # 0,n, = 0,n;3 = 0), with the aim of
identifying their primary differences.
A,. n; =0,ny =0,n3 # 0: After setting n; =0,n, =0 in (70) and using (62) together with (50), (53), (56), we get the Schmidt
modes
0,0,n3 ny —k

03 _ 2k 2k
a = Hn k) sin”* 0 cos™ ¢ (l—sm 6 cos? d)) (77)

which allows us to verify the von Neumann normalization condition

n3
0,0,
tI'p&m3 = tl’,l)(jig’oczn3 = lek =1 (78)
k=l
In general, the purity function is defined as the trace of the squared density operator. Since PnA . M(e, @, P) = Pnffcnz s 0, @, @), we can
write
2 ny+ny+nz 2
A _ A _ 151213
Py oy (00, 9) = tr(p,,I V,,M}) = ) (") (79)

For the configuration n; = n, = 0,n3 # 0, we obtain

n3

nz! 2
Pl @09 = 2 (g ) (6 + 4

)2(n3—k) (80)

2 S22 V2 Ld 4
5 n; cos® 0 + sin“ @sin“ ¢) +sin” 0 cos™ ¢
= ((0032 0 + sin” @ sin® )~ — sin* 6 cos* q.')) ;P,,; ( )2 , (81)
| (cos20 + sin® @ sin® ¢) - sin* 0 cost ¢

where we have used the following identity [46]

c n! 2 k 1+ x
Z(k!(n—k)! ) X =(1=-x"P ( _x ) (82)
k=0
and P, denote the Legendre polynomials of order n. The first four polynomials are given by
PD=l P@=zn  P@=1(2-1), Py =3(57-32), 83)

A,. n; =0,n, # 0,n3 = 0: As before, we consider (70) under the conditions n; = 0,n; = 0, together with (62), (49), (52), and (55),
to obtain the Schmidt modes

ny—k ' k
aZ’"Z’O _ i (Ak,l )2 - m!(%}) (82 4+ 52)" 7, -k (84)

0,12,0 k! (ny—k)!

showing the von Neumann normalization condition
trpA = trpB aO 0= (B B2+ 02)" = 1 (85)
0,n,0 On O
k=0
From (79) with n; = 0,n; = 0, we obtain
2
n b2+ b2)" + b
B 0.0 = ((82+83) - ) P, i e (86)
2 : 2l (12 L p2)2 _
(b3 + bz) - b
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oo cos (4¢) + 3
= cos™ (2¢)p"z < 4cos2¢ > ’ (87
For n, = 1,2, we get
Pl o0, 0. ) = l(cos 4¢ +3), (88)
Piy, 0(0 @, P) = g oo 4¢p + = 4 cos 8¢ + ‘11 (89)

By comparing these purities with those obtained in (147) and (148), we can identify the factors responsible for the observed differ-
ences. Consequently, we conclude that the quantum numbers play a crucial role in producing these distinct results.

A;. n; #0,n, = 0,n3 = 0: To complete our study, we analyze the final case and highlight the factors that distinguish it from the two
previous ones. From (70) under the conditions n, = 0 and n; = 0, together with (62), (48), (51), and (54), we find the corresponding
Schmidt modes

11,00 _"1—" e 2 nll(af)k 5 o\m—k (90)
% = Z( nl,0,0) = k!(nl—k)!(a3 +ay)

which leads to the von Neumann normalization condition

n1,0,0 .
trp” 00= trpn 00 = Zal (a +a3+a2) =1. 91)
k=0

By setting n, = 0 and n; = 0 into (79), we get the following purity

2
n a; +a +a
Pl oy = ((@+a) -at)"'P, —( +a) 92)
" "2+ a2 4
(a3 + az) a
2 20 ein2 4)\2 4 4
n sin“ 0 + cos” @ sin” ¢p) + cos”  cos” ¢
= ((sin2 0 + cos? 0 sin? ¢)2 —cos* O cos* qS) 375’,,1 ( )2 . (93)
(sin2 6 + cos? 6 sin® $)” — cos* O cos* ¢
In particular, for n, = 1,2, we have
PIA0 00, 0. 9) = (sin2 0 + cos® 0 sin” q.’))2 + cos* 6 cos* ¢, 94)
2 2
P2A00(07 @, P) = % <3((sin2 0 + cos? 6 sin® ¢)2 + cos* 6 cos* d)) - ((sin2 0 + cos? 0 sin® ¢)2 — cos* 0 cos* dJ) ) 95)

4.2.2. Von Neumann analysis

While purity and the von Neumann entropy are directly related for Gaussian states [43], this correspondence generally breaks
down in non-Gaussian regimes. Studying both quantities is therefore essential, particularly for excited states, where their different
sensitivities reveal genuinely non-Gaussian features and provide complementary insights into multipartite entanglement. The von
Neumann entropy is defined as

S,y =-Ti(pInp) ==Y A, Inj, (96)
k
where A, are the eigenvalues of the reduced density matrix p. For the A-BC bipartition, it can be written as
nl +I‘l2 +I‘l3
SIS Y I gy (11205 ©7)
k=0

We now examine the von Neumann entropy for the three configurations previously analyzed using the purity function.
Ao ny=0,ny=0,n3 #0:
For this specific configuration, we have

n3
n _ n _
S == < ,j)(c?)k«:% +¢)" 7 In [( ,j)(c%)k<c§ +e)n| (98)
k=0
For n; = 1, the von Neumann entropy takes the form
SS}S’I (c +c )ln (c +c )cf lncf (99)
—(1 — cos? ¢ sin 9) In (1 — cos? ¢ sin? 9) - (cos2 ¢ sin® 9) In (cos2 ¢ sin® 0), (100)

which quantifies the entanglement between particle A and the BC subsystem for the state y/(’)“flc This result clearly illustrates that

there is no simple one-to-one correspondence between the von Neumann entropy S 001 and the purity P 0 0.1 While the purity provides
a global measure of mixedness, the von Neumann entropy captures the detailed dlstrlbutlon of the eigenvalues of the reduced density
matrix. Consequently, S*>! offers a more refined characterization of how quantum correlations and entanglement are distributed
among the accessible eigenstates.
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A,. ny =0,n, # 0,n3 = 0: The corresponding von Neumann entropy reads
n
0.12.0 n - n -

Sl == <kz>(bf)’<(b§ +53)"” % In [( kz>(bf)’<(b§ +b3)mF. (101)

k=0

For n, = 1, it reduces to

SO0 = (b2 + 62) In(b2 + b2) — b2 In b2 (102)
= — cos? ¢ In(cos? ¢) — sin® ¢ In(sin® ¢), (103)

which is fully consistent with the purity-based measure but additionally highlights the detailed probability weights of each mode.
As.n #0,ny =0,n3 =0: The von Neumann entropy is

ny
0,0 n - n _
st =3 < /i)(a%)k(ag +a3)" *In [( /i)(a%)k(ag +ay)n k| (104)
k=0
For n; = 1, this simplifies to
S:}S’O = —(a% + ag) ln(ag + ag) - a% In a% (105)
= —(sin? 6 + cos?® 0 sin® b) In(sin? 6 + cos? @ sin? ¢) — (cos? 6 cos? b) In(cos? 6 cos? b), (106)

which quantifies the entanglement entropy for the state y;'2¢.

Compared to the purity function, the von Neumann entropy provides a richer and more informative description of the quantum
correlations in the system. While purity quantifies the overall mixedness of the reduced density matrix, S,y probes the full eigenvalue
spectrum, revealing how probability is distributed among the different eigenstates. This enables a finer analysis of the entanglement
structure, particularly in non-Gaussian states, where higher-order correlations and mode excitations can generate complex distribu-
tions that remain inaccessible to purity alone. As a result, .S,y not only distinguishes between separable and entangled states but
also highlights the contribution of each mode and the effect of mode hybridization. This makes it especially valuable for studying
multipartite continuous-variable systems and for understanding how non-Gaussianity enhances or redistributes entanglement.

4.3. B-AC interaction

For the second configuration, we consider the B-AC interaction described by the following Schmidt decomposition given in (65)

ny+ny+n3

Wy (ZX1:20,x3) = Z E) VB ¢f (x2) @1 (x1.x3). (107)

We subsequently analyze three distinct scenarios: (n; = 0,n, = 0,n3 # 0),(n; =0,n, # 0,n3 = 0), and (n; # 0,n, = 0,n3 = 0).
B,. n; =0,n, = 0,n3 # 0: Substituting n; = 0,n, = 0 into (71), and using (62) together with (50), (53), (56), we get the Schmidt
modes

0,0,13 E \2
b= Z(AO:O,n3) (108)

- @, 09
with the condition

n3
B _ AC  _ 0.0.m3 _ (.2 2 2\ _
tr/’o,o,n3 = trpo’oﬁ3 = Zﬂ, = (02 +c +c3) =1. (110)
1=0

We show that the corresponding purity is given by

242 2+ 4
—(Cl 63)2 © (111)
(Z+c2) —c
n3

2 1 -1 2 n3
Poéo,n3(9,¢,¢)=(ﬁ> (&) (5 +¢7)"™ =<(C12+‘3§) _03) P,

= (0052 [} sin? 0 + (cos 0 cos @ + sin @ sin ¢ sin (p)2 — cos? 0 sin? qo) (112)

2
(cos2 ) sin” 0 + (cos @ cos @ + sin @ sin ¢ sin (p)z) + (cos 0 sin ¢ — sin O cos @ sin ¢)4

" c0s2 ¢ sin® 6 + (cos 0 cos @ + sin 6 sin ¢ sin )> — cos2 O sin” ¢
B,. n; =0,n, # 0,n; = 0: We analyze (71) under the conditions n; = 0, and n; = 0, along with (62), (48), (52), and (55) to obtain
the Schmidt modes
ny—k 5
A=Y (a4l ) (113)
=0
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k
162
_ ) (52 +52)" 7 (114)
27
leading to the condition
01,0 _
tpy, o =togs o Zﬁ 0= (B 2+ 02)7 =1 (115)

The associated purity reads as
" B +12)" + b
PE 0.0 = (B +82)° = 13) P, (Bith) +5 (116)
25 2 (12 4 12)\2 _ 4
(b2 +02)" -1

. . 2
(sm2 ¢ +cos? ¢ sin? <p) + cos* ¢pcost @

= (sin2 ¢ — cos® @ cos® ¢ + cos® ¢ sin® (p)"z P, 5 > 117)
sin” ¢ — cos? @ cos? ¢ + cos? ¢ sin” @
and for n, = 1,2, we get
POB1 00,0, ) =(sin” ¢ + cos® ¢ sin’ (p)2 + cos* g cos* @, (118)
2
POA2 00, @, ) =% ((sin2 ¢+cos’ P sin? (p)2 + cos* ¢ cos* (p) - % (sin2 ¢ — cos? pcos® ¢ + cos® ¢ sin’ (p)z. (119)

B;. n; # 0,n, = 0,n;3 = 0: From (71) with n, = 0, n; = 0, together with (62), (48), (51), and (54), we end up with the Schmidt modes

ny—k

rl100 2( n100> (120)

_ 2 n—k
= Ty (4 @) (121)
and the condition is met
trp 100 = trpn 00 = Zﬂn' 00 _ (a? +a§+a§)nl =1. (122)

=0
As a result, we obtain the purity
( @+ a2)2 +a

17 %

4
- 2 (123)
(¢} +a@3)" —a)

B 2, 22 4\"
Pn,,0,0(9’¢’¢)=((”1+“3) _“2) Pu,

= ((cos 0 cos ¢)2 + (cos @ sin ¢ sin @ — sin 6 cos (,o)2 — (sin @ sin @ + cos 6 cos @ sin (]5)2)"3 (124)

((cos 6 cos ¢)> + (cos 0 sin ¢ sin ¢ — sin @ cos (/))2)2 + (sin @ sin ¢ + cos 0 cos ¢ sin ¢)*

" (cos 6 cos ¢)2 + (cos 0 sin ¢ sin @ — sin 6 cos (p)2 — (sin @ sin @ + cos O cos @ sin qﬁ)2

which displays the results for n; = 1,2
P1B() 00, @, ) =((cos 6 cos qﬁ)2 + (cos 0 sin ¢ sin ¢ — sin € cos (p)z)2 + (sin @ sin @ + cos 0 cos @ sin ¢)4, (125)

2
2 0. 0(9 o, P) = ( (cos 6 cos qﬁ)2 + (cos 0 sin ¢ sin ¢ — sin 6 cos (p)z)2 + (sin @ sin @ + cos 0 cos @ sin ¢)4)

—_

((cos 6 cos ¢) + (cos 0 sin ¢ sin ¢ — sin 6 cos (p) — (sin @ sin @ + cos 0 cos @ sin ¢p) ) (126)

NI'—‘

4.4. C-AB interaction

To provide a comprehensive overview of all possible configurations, we examine the C-AB interaction in the context of the Schmidt
decomposition given in (66)

ny +n2 +n3

V’flﬁs,m (Zx1.xp,x3) \/E ¢ (x2) @ (x.x3). a27)
Again, we examine the three different scenarios: (n; = 0,n, = 0,n3 # 0), (n; =0,n, # 0,n;3 =0), and (n; # 0,n, = 0,n3 = 0).

C,.n; =0,n, =0,n3 # 0: Substituting n, = 0 and n, = 0 into (72), together with (62), (50), (53), and (56), we obtain the following
Schmidt modes

3—0 2
0,0, k,ny—k—
re=rtt = Y (Ao’gi% ") (128)

738



A. Merdaci et al. Chinese Journal of Physics 102 (2026) 728-747

nS!(C§)6 2 2\"3—0

=———(cg+c]) ", (129)

o! (n3 - G)!

verifying the condition
n3
C  _ (. AB  _ 003 _ 2 2 2\" _

trpO,O,n3 = trpO’OJl3 = z}’a = (03 +ocp + cz) =1. (130)

o=0

Then the appropriate purity takes the form

n 4+ c? ? +ct

P O =((@ 4 ) - ), | e TS a3
13 N2, 2 &
(c1 +c2) [N

=(cos2 ) sin® 6 + (cos 0 sin @ — sin 0 cos @ sin ¢)2 — (cos 0 cos @ + sin @ sin ¢ sin (,0)2)n3 (132)

(0052 [} sin? 0 + (cos 6 sin ¢ — sin 6 cos @ sin ¢)2) + (cos 6 cos @ + sin 6 sin ¢ sin (p)4

"l cos? [ sin® 0 + (cos @ sin @ — sin 6 cos ¢ sin ¢)2 — (cos 0 cos @ + sin 0 sin ¢ sin (p)2

C,. n; =0,n, # 0,n; = 0: We analyze (72) under the conditions n; = 0 and n; = 0, together with (62), (48), (52), and (55). This
yields the corresponding Schmidt modes

0n20_ 2( A=l o) _ ”2'(’%)6 (b2+b2)"2 < (133)

0,1,,0 (nz o-)

Using these quantities, we can verify the standard von Neumann normalization condition

0,n5,0
tep, o =togn o= Zy "0 = (B b2+ 02)" =1 (134)
o=0

As a result, we get the purity

ny+ny+n3

2 2
P @0 )= P10 (0.0, ¢)—tr( P, ,,3) = X (B (135)

o=0
In particular for n; = 0,n, # 0,n3 = 0, we obtain the following
2
) 2 2 m [ (B2 +02)" + b}
C 0o =3 (n") = (B+8) -0) P, | —5— (136)
=0 2 b2 + b2 2 b+
(b7 + 2) 7

. 2 .
(sm2 ¢ + cos® pcos? @) + cos* sin* @

= (Si“2 ¢ + cos® g cos” @ — cos” psin’ (p)”Z P, sin® ¢ + cos? ¢ cos? @ — cos? psin’ @ (37

For further illustration, such that n, = 1,2, we find
POC1 0.0, ¢) = (sin2 ¢ + cos? ¢ cos? (p)2 + cos* psin’ o, (138)
020(6’ @, P) = <(sm @ + cos? ¢ cos? (p) + cos* ¢ sin* (p)z - %(Sin2¢+COS2¢COS2(p — cos? ¢ sin® qo)z. (139)

Cs. n; # 0,n, = 0,n3 = 0: In the last scenario, starting from (71) with n, = 0 and n3 = 0, together with (62), (48), (51), and (54),
we arrive at the Schmidt modes

nj—o ho\2

ymo0 _ % (A:; e ) (140)
n {12 °

=—ol(ln(, 32) (a +a3)"™" (141)

and we have the condition

n1,0,0 2 2 2\" _
trp, 1,00 _trpn 00 = ZV = (g +a+a)t =1 (142)
=0

We show that the corresponding purity takes the form

(143)

2, 2 4

c _ 2 212 2\ (al+a2) +a;
Pn1,0,0(9’¢’¢)—((“1+“2) _“3) m 2
43

2, 2\2
(¢} +a3)" -
= (cos2 6 cos? ¢ + (sin @ sin @ + cos 6 cos @ sin qﬁ)2 — (cos 8 sin ¢ sin ¢ — sin € cos (p)z)"1
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Fig. 1. (Color online) The purity function POAU.I = P4 versus the two angles 6 and ¢ € [z, z].

(cos2 0 cos? ¢p+(sin 0 sin g+cos 0 cos ¢ sin ¢)2 >2+(cos 0 sin ¢ sin p—sin 6 cos (p)4
n — — —— - — | (144)
1 c0s2 6 cos? ¢+(sin § sin p-+cos B cos ¢ sin ¢)>—(cos @ sin ¢ sin p—sin 6 cos @)
which results in the following for n; = 1,2
. . . 2 . . .
PIC0 00, @, P) =(cos2 6 cos? ¢ + (sin @ sin @ + cos 0 cos @ sin ¢)2) + (cos 0 sin ¢ sin @ — sin 6 cos (p)4, (145)
c 3 2 2 s N s . 4)?
Py 00, 0,9) =3 (cos 0 cos” ¢ + (sin @ sin @ + cos 6 cos @ sin ¢) ) + (cos 0 sin ¢ sin @ — sin 6 cos @)
. . . . . . 2

- % (cos2 6 cos® ¢ + (sin @ sin @ + cos 6 cos @ sin ¢)2 — (cos @ sin ¢ sin ¢ — sin 6 cos (p)2) . (146)

5. Examples and numerical analysis

To highlight the main differences between the various interactions and to provide a clearer understanding of the cases considered,
we focus on (81), (111), and (131). These correspond to the configuration in which the quantum numbers satisfy n; =0, n, = 0, and
ny # 0. For further analysis, we consider the cases n; = 1 and n; = 2.

5.1. Purity function P(fo,n3

As far as (81) is concerned, for ny = 1,2, we get

P, (6.¢.9) = (cos® 0 +sin® Osin® ) + sin* 6 cos* g, (147)
A 3 1 2p w22 2, odp 4 \NT L o g g 2 g g2

Pro200.¢) = 5((005 6 +sin” §sin” )~ + sin” @ cos ¢> - 5((005 6 +sin” §sin” ¢p)” — sin” @ cos ¢> . (148)
In Fig. 1, we plot the purity function P(fo,l (147) as a function of the two angles # and ¢. We observe several peaks and valleys,
indicating significant variation in purity with respect to these angles. The peaks correspond to higher purity values, approaching 1,
while the valleys represent lower purity values, around 0.5. These variations suggest that certain angular configurations lead to a
more pure (less mixed) quantum state, whereas others lead to a more mixed state. This sensitivity of purity to changes in the angles
0 and ¢ may reflect how the quantum state evolves under transformations parameterized by these angles. The surface also exhibits
periodicity, a common feature of functions depending on angular variables, which may be related to symmetries in the underlying
quantum system, such as rotational symmetry. The pattern of peaks and troughs likely reflects the intrinsic symmetries of the quantum
state, possibly related to rotational invariance or to the specific symmetries of the Hamiltonian governing the system.

5.2. Purity function POI?O,n_;

Regarding (111) with n3 = 1,2, we find

POB0 10, 0,8) =(cos2 ¢ sin® 0 + (cos 6 cos ¢ + sin 0 sin ¢ sin (p)z)2 + (cos 8 sin ¢ — sin 8 cos ¢ sin ¢)*, (149)

—

2
POB0 ,0, 0, ¢) =% ( cos? ¢ sin 6 + (cos 6 cos ¢ + sin 0 sin ¢ sin q1)2)2 + (cos 0 sin ¢ — sin 6 cos @ sin ¢)4)

(0052 ¢ sin® 0 + (cos 0 cos ¢ + sin 0 sin ¢ sin )> — cos® @ sin® (p)2. (150)

N =
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Fig. 2. (Color online) The purity function PoBm = PP versus the two angles 6 and ¢ € [~z z] with ¢ = %

Fig. 3. (Color online) The purity function Poc(n = PC versus the two angles 6 and ¢ € [-x, z] with ¢ = j—:.

Fig. 2 shows the purity P(fo,l (149) as a function of the two angles 6 and ¢ € [-x, x] with ¢ = %. When this purity remains
consistently lower than in Fig. 1, it may indicate that the entanglement dynamics are less favorable for this particular interaction. We
note that any oscillations in purity may reflect coherent oscillations between the oscillators, corresponding to a periodic exchange
of entanglement. In addition, a notable increase in purity at certain parameter values may signal resonant interactions or optimal
conditions for entanglement generation.

5.3. Purity function P(fo,n3

By choosing n; = 1,2, (131) gives
Poco 16, 9,9) =((c0s 6 sin ¢ — sin 6 cos ¢ sin qﬁ)2 +cos® ¢ sin? 9)2 + (cos 8 cos ¢ + sin 0 sin ¢ sin @)*, (151)

2
POCO 20,0, ) =% (((cos 6 sin ¢ — sin 6 cos @ sin ¢)2 + cos? ) sin? 9)2 + (cos B cos @ + sin 6 sin ¢ sin (p)4)

— % ((cos 6 sin @ — sin 6 cos @ sin $)> + cos? ¢ sin> 6 — (cos O cos @ + sin 0 sin ¢ sin (p)2)2. (152)

Fig. 3 shows the purity P(fm (151) as a function of the two angles 6 and ¢ € [—z, 7] with ¢ = %. If this interaction exhibits the
highest purity of the three cases, it indicates that C-AB configuration is particularly well entangled compared with the A-BC and B-
AC configurations, suggesting an effective coupling within the system. A gradual increase or a consistently high purity may indicate
stable entanglement over a range of parameters, highlighting the robustness of this interaction. From a physical perspective, these
results suggest that the C subsystem plays a crucial role in maintaining or enhancing entanglement within the system, which could
be advantageous for quantum information applications.

By comparing the purities and the corresponding numerical plots, we can evaluate the effectiveness of different interactions in
generating entanglement. Some interactions may be more favorable under certain conditions, exhibiting higher purity and greater
stability, whereas others may display reduced purity or weaker correlations. These results provide insights into the dynamic interplay
between the subsystems and show how different coupling configurations can lead to distinct entanglement behavior. They highlight
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the important role played by the interaction structure in shaping entanglement properties and suggest possible strategies for optimizing
these interactions. In particular, by appropriately selecting the coupling parameters and configurations, it may be possible to enhance
entanglement in practical quantum systems. Such optimization could be beneficial for applications in quantum information processing,
quantum communication, and quantum computation. More broadly, these findings may serve as a useful starting point for future
theoretical and experimental investigations aimed at maximizing entanglement generation through carefully engineered interaction
schemes, thereby contributing to the development of more efficient quantum technologies.

6. Non-Gaussian characteristics

6.1. Ground-state versus first-excited-state properties

For the Gaussian ground state y5¢
3 mw(o0 22 22
ABC mw \ 4 — 5 | M X[ HHy X T uEX
Y000 (x1,%2,x3) = (ﬁ) e Zh( 1T HS 3), (153)

all entanglement measures vanish because the state is separable, i.e., the von Neumann entropy is

000 _
S000 — g, (154)
The first excited state y{5S takes the form
3 mw(o2, 02 22
-== +ulxZ
Vi8S ) = (50 BRI () aso

where the variable is given by
qy = My cos 0 cos dpx; — p,(sin O sin @ + cos 6 cos @ sin p)x, — p3(sin O cos @ — cos O sin ¢ sin @)x3. (156)
This state is non-Gaussian because it contains the Hermite polynomial H, (, /%ql ), which explicitly reads
H,(,/%q1)=2 %ql. (157)
We aim to compute the reduced density matrix for particle A, pf‘o Ne: 1,xq ), defined as
A ABC *ABC
/’1,0$o<xl’xl| ) = / / Y100 (x1. %, x3)"’1.0,0 (x,l’x2’ X3)dxydx;. (158)

After performing the Gaussian integrals over x, and x3, the reduced density matrix becomes

2mw;42 _mw o( 2,10
pf‘oo(xl,x’l) = ’;—’;;41< 7 L 005290052<i>x1x'1 +sin? 0 + cos? Osin® ¢ |e 2 ”I(X‘Hl ) (159)
which possesses at most the following two nonzero eigenvalues

Ay = cos? 0 cos? b, A= sin?  + cos? 0 sin® . (160)

The von Neumann entropy of the reduced density matrix pfo o is given by the binary entropy function

Si}s’o = —(cos2 6 cos? qS) ln(cos2 6 cos’ ¢) - (sin2 6 + cos? 6 sin® ¢) ln(sin2 6 + cos® 6 sin” ¢), (161)
which depends solely on the parameter u = cos? # cos? ¢, with 0 < u < 1. The entropy reaches its maximum value In2 at u = % and
vanishes at the extremal points u = 0 and u = 1. Consequently, one finds the following bound

0,0,0 1,00

S99 < 5100 < 2. (162)

These results indicate that, in contrast to the Gaussian ground state w(;‘(foc (x1, x5, x3), which is separable and unentangled, the excited

non-Gaussian state yA5€ (x,, x,, x;) can generate finite bipartite entanglement. Although the precise amount of entanglement depends
1.0.0 1242543 g p g g P g P

on the mixing parameters, the presence of non-Gaussianity generally modifies the entanglement structure, and can enhance quantum
correlations beyond those achievable in purely Gaussian states.

6.2. Demonstration of non-Gaussianity

We can demonstrate the emergence of non-Gaussianity by employing two complementary approaches. The first is moment analysis,
which probes higher-order statistical moments of the reduced quadrature distributions. For the Gaussian ground state, all moments are
fully determined by the second-order moments, and higher-order cumulants vanish. In contrast, for the first excited state, deviations
in the higher-order moments signal a departure from Gaussian statistics, directly reflecting the presence of non-Gaussian features
induced by the excitation.

The second approach is based on the negativity of the Wigner function, which provides a phase-space characterization of the
quantum state. While the Wigner function associated with the Gaussian ground state remains strictly positive over the entire phase
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space, the Wigner function of the first excited state develops negative regions. This negativity constitutes a clear signature of non-
Gaussianity and nonclassicality. Moreover, these non-Gaussian features are closely connected to the modifications of the entanglement
structure, as reflected by the increase in von Neumann entropy in the excited state compared to the ground state.

Moment analysis: For y/f(foc the probability density for particle (tracing out B and C) is

2mow p? _mm 2.2
pﬁo,o(xl) = %m( 7 1coszt9cosz¢xf+sin26+coszt9sin2¢ e n M (163)

The second and fourth moments are

A(1+2cos? 6 cos? ¢ 3h%(1 + 4 cos? @ cos? ¢
<x%>1,0,0 = ( ) ) <x?>1,0,0 = ( 2 ) (164)
Moy (mem )
giving the kurtosis
4 > 2 2
<X 3(1 +4cos”fcos” ¢
=z = ( 2 : (165)
<x%>1,0,0 (14 2cos? 0 cos? )
4
For a Gaussian distribution, the kurtosis is x = g;i# =3. Any deviation from this value provides a clear indication of non-
17000

Gaussianity.
Wigner function negativity: We now compute the Wigner function for the full three-mode state. For a multidimensional wave-
function, the Wigner function is defined as

ABC 1 ABC ABC
VVI,O,O (1, X2, X3, P15 P25 P3) = / Y100 (X + Y%+ ¥, x3 + y3)11/;i0_0 (X1 = Y1, X2 = ¥, %3 = y3)

X 6‘_%(plyl+p2y2+p3y3)d,V1dy2dy3- (166)

By performing the integration, we get

2 2 2
_mw (2 2+”2x2+ﬂzxz)_ L (i, hn.n 2
ABC 1 7 (”1"1 PRORECREY er=r i W A A 2mw 5 2 »
WI,O,O (X1, %2, X3, P1> P2, P3) = —(ﬂh)3€ o 5 q; + p— qlp -1, ae67)
where the variable qi" ) is given by
qi”) = #Ll cos 0 cos ¢pp; — ﬂl—z(sinesin(p + cos 0 cos @ sin ¢p)p, — i(sin@cosq; — cos 0 sin ¢ sin @) ps. (168)

This Wigner function is not everywhere positive, reflecting the non-Gaussian nature of the excited state. We now consider the reduced
Wigner function for the subsystem A, obtained by integrating out the modes B and C. That is

W/ oGerspp) = / W/ (x1, %2, X3, P15 P2, p3)dXydx3dprdps. (169)

2
We can split the integral into two parts: one involving qf, which depends only on the x variables, and another involving (qi”)> s
which depends only on the p variables, together with a constant term. The reduced Wigner function for the subsystem A is

mw 2 2 1 "%

— T H{X{ T 2 cos? 2
7 M1 mon ;,% <2mw;4]cos 6 cos ¢x2 2cos?Bcos ¢ 2

pi+1- 2 cos? 0 cos® d)), (170)

A _ 1
VVI,O-,O(xl’pl) - Ee h 1 ulzmwh
which can take negative values, providing a clear signature of non-Gaussianity. In contrast, for the Gaussian ground state, the Wigner
function W/{  is

2

_mw 20 1P
MIX1™ w2
i

h
Wi o(x1p) = e , 171)

which is everywhere positive.
7. Conclusion

We developed a method to analytically determine the energy eigenstates of three coupled quantum harmonic oscillators, expressing
the tripartite wavefunction in a separable form. By applying the Schmidt decomposition, the wavefunction was represented as a
sum of orthogonal product states describing the bipartitions. Integrating over the Schmidt modes allowed us to obtain closed-form
expressions for the Schmidt coefficients that quantify the bipartite entanglement. In particular, we showed that these coefficients can
be expressed in terms of a hypergeometric function, providing a compact characterization of the reduced density matrices. By tuning
the interaction strengths, we examined how the Schmidt coefficients evolve and how entanglement is distributed across the different
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bipartitions. As the couplings vary, this analysis provides insight into the multipartite entanglement structure within a system of three
coupled harmonic oscillators. Overall, this work establishes a framework for analyzing static bipartite entanglement in this model.

In summary, we have developed an analytical framework for the characterization of tripartite entanglement, providing deeper
insights into the entanglement structure of quantum systems with three coupled subsystems. These results not only enhance our
understanding of multipartite entanglement, but also have broader implications for a variety of quantum systems, including quantum
information processing, quantum computing, and entanglement-based technologies. Our approach opens the possibility for more
precise control and manipulation of entangled states, which is critical for advancing both theoretical and practical applications in
quantum science.

Finally, we emphasize that in this work we have applied the approach introduced by Makarov [16] for the computation of Schmidt
numbers using Schmidt decomposition to a non-Gaussian bipartite system. This approach provides valuable insights into the entan-
glement properties of such systems. Building on this foundation, we extended the methodology to a non-Gaussian tripartite system,
which presents additional complexities and opportunities for exploration. In our study, we focused on a specific class of tripartite
systems in order to provide a detailed analysis of their structure and behavior. This focused approach allowed us to highlight key
aspects of entanglement and information distribution in these systems. We note that a systematic classification of the different tripar-
tite configurations and their associated Schmidt numbers constitutes a substantial task. Therefore, we have reserved a comprehensive
classification analysis for future work in which we aim to systematically explore the broader implications of our findings for different
classes of non-Gaussian tripartite systems. This future work will build on our results and contribute to a more complete understanding
of the entanglement structures that arise in multipartite non-Gaussian systems.

We emphasize that the quadratic Hamiltonian (1) can be realized in several established experimental platforms, such as trapped
ions [47], superconducting circuits [40], and optical lattices [48]. These systems allow precise control over bosonic modes and enable
the implementation of engineered couplings. The ground state of such a Hamiltonian is a separable Gaussian state, which can typically
be prepared using standard ground-state cooling techniques [49]. However, our focus lies on excited states, which are non-Gaussian
and, therefore, present additional challenges in their preparation. Accessing specific excited states, such as Fock states labeled by
the excitation number n, has nevertheless been demonstrated experimentally in multiple platforms. In trapped-ion systems, sideband
transitions have enabled the preparation of individual motional Fock states, and their superpositions [50]. In superconducting cir-
cuits, Fock states have been engineered in resonators coupled to tunable qubits using optimal control techniques [51]. Conditional
measurements and projective operations have been used to generate non-Gaussian states in both photonic and superconducting sys-
tems [52]. Furthermore, reservoir engineering and adiabatic passage methods have been proposed and implemented to stabilize or
selectively reach nontrivial eigenstates of Gaussian systems [53].

Although our analysis focused on a particular three-mode quadratic Hamiltonian, the methodology developed here is not limited
to this case. In fact, the approach can be naturally extended to more general classes of quadratic Hamiltonians, especially those
that can be diagonalized via canonical transformations into a set of decoupled harmonic modes. For larger systems, such as N-mode
bosonic systems with arbitrary pairwise couplings, constructing excited states in the normal-mode basis remains a valid procedure, and
analyzing the entanglement structure through bipartite Schmidt decompositions is still possible. Systems with symmetric topologies
(e.g., star or chain geometries) may even admit partially analytical treatment due to mode degeneracies or conserved quantities.
However, as the system size increases, the Fock-space representation becomes more complex, and the non-Gaussian features of excited
states become increasingly intricate, making a full analytical treatment progressively more challenging. In such cases, numerical
tools are essential for complementing the analytical framework. Nevertheless, the core structure of our method, which relies on the
solvability of quadratic models and the construction of non-Gaussian excitations, remains robust and adaptable to a broad class of
Hamiltonians.
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Appendix A. Particular cases

To illustrate the consistency of our formalism with known results in the literature, let us examine several limiting cases charac-
terized by different values of the coupling parameters. In particular, to recover the solutions for two coupled harmonic oscillators in
the variables (x;,x,), it is sufficient to consider the limit D3, D,; — 0, which corresponds to J,3, J,; — 0. Under these conditions,
the Hamiltonian (1) reduces to the form

2

LEEN S
H = HO + m + §m3w3x3, (A].)
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where H, is the Hamiltonian of two coupled harmonic oscillators in the variables (x,,x,), defined as

2 2
Py hoo1
st 55— t ;mo)

2, L 50 1
= m; Famy 2 x|+ smywyx5 + = Dipx;x;. (A.2)

Ho 2 2

If we impose the conditions .J 13 =0 and f23 =0 in (31-33), we find that # — 0 and ¢ — 0. Consequently, (31) reduces to the
relation

2J 2J,
12 . 12
[ a}l—cb

> = —tan2¢. (A.3)

2

It is worth noting that these conditions coincide with those employed in our previous study [54] to decouple the system of two
harmonic oscillators in the variables (x;, x,). Then, the Hamiltonian is transformed into

P 72
1 2 m 2 m 2 3 2 2
H=| —+ —=+ —kg*“+ —k + — + —mw ) A.4
<2m m T2 Ty q2> 2my 2 3% A4)

with the variables
g = py COS PX| — py Sin x5, @y = py SIn x| + py COS P, g3 = p3X3. (A.5)

In this case, the parameters (48-54) become

a; = cos ¢, b, =sing, ¢ =0, (A.6)
a, = —sing, b, = cos ¢, ¢, =0, (A7)
az =0, by =0, 3 =1, (A.8)

which lead to the following four conditions that are fulfilled by the quantum numbers
iy =k—ip, Ji=ny—iy, Jo=ny —k+iy, I=n +n,—k. (A.9)

These can be substituted into (57) to get the Schmidt modes

ki _ gk
A nay = Ay Oy +my—ko (A.10)
PR
where Ay 18
b \/k!(n]+n2—k)!(—sin¢)"1_k(cosd))"Z_kPk(n]_k'nz_k)(coshﬁ) (A1)
ny,ny \/nlny! ' :
Alternatively, to establish a connection between our results and those of Makarov [16], it suffices to apply the two relations [55]
(p.m—n) _ m! Tntp+D) (241 n-m (p,n—m)
P (z) = 1 L) (2217 ploaom ), (A12)
o)z = (12" pt-p-o-20-1.0)( 243
PrO) = (52) () (A.13)

As a result, we show that

2 2
— k.l — k
=2 (A”lv"Zv"3> = (‘%m) (A.14)
1
2
nylny! sin2("1+) () cos?(27H) (¢)<P(_"l_"2_]’n2_k) (—2*'“"'2 @ >>
- " tan? () (A.15)
k!(ny+ny—k)! )

Now, the state (64) becomes

Z Asil’nz’n3(pk(xl)¢l(x2)}(n1+n2+n3—k—l(x3) — A’,fl,,,zfﬂk(xl)¢n1+nrk(x2)}(n3 (x3)s (A.16)
and the decomposition is reduced to

yABC = ; A’;l,nz(ﬂk(xl)¢n1+nrk(x2))(n3 (x3) = V/AB(xl’x2)Zn3 (x3), (A17)
where y48(x, x,) is

v (x1.xy) = Z Aﬁl,nz(Pk(Xl )¢n|+n2—k(x2)s (A.18)
k

which exactly coincides with the one obtained by Makarov [16].
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