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Objectives: Carbon nanotubes (CNTs) can enhance heat transfer due to their superior thermal
properties. Thermal performance of magnetohydrodynamics (MHD) with CNTs is increasingly
important to improve energy e±ciency of nanotechnology in a vast range of industrial, phar-
maceutical and energy conversion. In this study, we investigate the e®ects of inclined MHD and
slip on viscoelastic CNT °ow with radiation and heat source/sink over a stretching sheet
embedded in porous media. The suction/injection through the porous medium is considered.
Methods: The governing PDEs describing the °ow were converted into a system of nonlinear
ordinary di®erential equations through the application of a similarity transformation and then
solved analytically. The in°uences of the Hartmann number, inverse Darcy number, visco-
elastic, mass suction/injection e®ect, radiation parameter and heat source/sink parameters on
velocity and temperature pro¯les are graphically presented and thoroughly discussed. Findings:
The results show that the °uid °ow increases as the Hartmann number and inverse Darcy
number increase, whereas reverse e®ects are observed in the viscoelastic parameter and solid
volume fraction. At the larger inversed Darcy number and the Hartmann number, the axial
velocity for single-wall carbon nanotubes (SWCNTs) becomes larger than that of multiwall
carbon nanotubes (MWCNTs). Also, the temperature pro¯le increases as the values of the
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thermal radiation, heat sources, and the Hartmann number increase. The temperature of the
nano°uids (NFs) with SWCNT is larger than that with MWCNT when the thermal radiation
and heat sources are the same. This shows that the SWCNT NFs can improve thermal
performance better. The produced velocities of NFs with MWCNT are higher than those with
SWCNT, leading to lower heat convection. Applications: CNTs can enhance heat transfer due
to their superior thermal properties. The thermal performance of MHD with CNTs is increas-
ingly important to improve energy e±ciency of nanotechnology in a vast range of industrial,
pharmaceutical and energy conversion.

Keywords: Thermal radiation; MHD; heat source/sink; nano°uids; carbon tube; porous
medium.

Nomenclature

Greek Symbols

Symbol Description S. I. Unit
a Constant (-)
b Constant (-)
Bi Biot number (-)
B0 Magnetic °ux (Tesla)
c Constant (-)
c1; c2; c3; c4; c5 Dummy variables (-)
CP Speci¯c heat capacitance ðJkg�1KÞ
d Stretching/shrinking sheet parameter (-)
Da�1 Inverse Darcy number (-)
K Permeability ðNA�1Þ
k� Mean absorption ðc=mÞ
l Velocity slip ðm=sÞ
L First order slip ðm=sÞ
M Hartmann number ð�Þ
Nr Radiation parameter ð�Þ
NI Heat source/sink ðJouleÞ
Pr Prandtl number ð�Þ
qr Radiative heat °ux ðWm�2Þ
~q Velocity vector ðm=sÞ
T Fluid temperature ðKÞ
Tw Wall temperature ðKÞ
T1 Far temperature ðKÞ
ðu; v;wÞ Fluid velocity in ðx; y; zÞ directions ðm=sÞ
ðx; y; zÞ Coordinates ðmÞ
VC Mass suction/injection parameter (-)

�1�1 Material constants (-)
� Viscoelastic parameter (-)
�f Dynamic viscosity of °uid ðNs=m2Þ
�f Density of the °uid ðKg=m3Þ
�f Electrical conductivity of °uid (S/m)

�f Thermal conductivity of °uid ðW=mKÞ
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Abbreviations

1. Introduction

Magnetohydrodynamic (MHD) of nano°uids (NFs)
with carbon nanotubes (CNTs) on a porous
stretching or shrinking sheet is of importance in a
vast range of equipment and devices for the capac-
ity of their high energy conversion and heat transfer
in industrial, pharmaceutical and metallurgical
processes.1–3 The presence of magnetic ¯elds could
produce a drag force called the Lorentz force on
magnetic NFs. This drag force can regulate the °uid
to move more slowly, raising its temperature as well
as concentration. Thus, magnetic NFs have
advantages over conventional °uids because their
performance can be regulated using a magnetic
¯eld.

A number of studies have been performed to
evaluate the MHD e®ect on °uid °ow.4–9 For
example, Reddappa et al.10 investigated the 2D °ow
of MHD Je®ery nanoparticle through a penetrable
stretching surface. Munivenkatappa et al.11 exam-
ined numerically performed MHD °ow through a
permeable stretching surface with convective
boundaries. Gupta et al.12 performed a numerical
solution of magnetized GP-MoS2/C2H6O2-H2O un-
steady °ow over a stretching surface. Furthermore,
the thermal radiation and heat energy were elevated
for the °uid °ow temperature. Sulochana et al.13

evaluated the role of radiation on MHD nanopar-
ticle °ow through an elongated sheet. They
obtained dual-nature solutions for both Newtonian
and non-Newtonian cases. Sharma et al.14 studied
the slip °ow of MHD hybrid NF through an expo-
nentially stretching/shrinking sheet with radiation
e®ect. They discovered that the local Nusselt
number is decreased by the accumulation of the

thermal slip e®ect. The radiation in°uence on the
boundary layer °ow of non-Newtonian °uids due to
stretching/shrinking sheet has been portrayed by
several researchers.15,16 Jha and Samalla17 analyzed
the e®ects of MHD and heat source/sink on NF
°ow movement through a channel. Mishra and
Samantara18 performed numerical analysis of the
dusty °uid °ow through a uniform stretching sheet
in the presence of radiation and nonuniform heat
source/sinks. Viscoelastic behavior and character-
istics were investigated by Gizachew and Shankar.19

Das20 numerically examined MHD of viscoelastic
°uid °ow on a circular stretching surface. Visha-
lakshi et al.21 analyzed MHD of non-Newtonian
°uid °ow through a permeable elongated/con-
tracting sheet in the existence of thermal radiation.
Recently, several researchers22,23 have examined
various performances of viscoelastic °uid °ow.

The CNTs often consist of carbon allotropes in
a tube-shaped material with a cylindrical nano-
structure. They have remarkable features of their
superior thermal conductivities, suspensions,
and are of a particular application in material
sciences and nanotechnology, such as chemical
manufacturing, cooling of microelectronics, optics
and cancer treatment. Depending on the structure
and number of graphene sheets, the CNTs are
classi¯ed into two types: single-wall carbon nano-
tubes (SWCNTs) and multiwall carbon nanotubes
(MWCNTs). SWCNTs are made of a graphene
layer seamlessly rolled into a tube.24 In contrast, a
concentric arrangement of MWCNTs consists of
multiple layers of graphene seamlessly rolled into a
concentric tubular structure. Many researchers
presented the advantages of the NF °ow with CNTs

�f Kinematic viscosity of °uid ðm2=sÞ
�� Stefan–Boltzmann constant (-)
� Porosity (-)
	 Inclined angle (Radian)

 Similarity variable (-)
� Substitution variable (-)

NF Nano°uids (-)
CNTs Carbon nanotubes (-)
MHD Magnatohydrodynamics (-)
PDEs Partial di®erential equations (-)
ODEs Ordinary di®erential equations (-)

Thermal Performance Analysis of Magnetohydrodynamics
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under various boundary layer problems.25–29

Yamada-Ota and Xue models have been extended
to hybrid NFs on converging boundary layers or a
stretching sheet, magneto-convective °ow of hybrid
NFs with CNT suspensions over an isothermal
rotating plate, Darcy's law, peristaltic °ow of CNT-
based hybrid NF in the annular region of eccentric
cylinders, and between two permeable disks with
suspension of CNTs.30–34 Haq et al.35 explored the
thermophysical properties of CNT nanoparticles on
a stretching surface. They showed that engine oil-
based CNT has higher skin friction and heat
transfer rate when compared to water and ethylene
glycol-based CNT. Hayat et al.36 reported the
Darcy–Forchheimer °ow of water-based SWCNT
and MWCNT over a rotating disc, which was
heated convectively. They found that larger values
of nanoparticle volume fraction could increase the
skin friction coe±cients and local Nusselt number.
Kandasamy et al.37 studied the e®ects of MHD and
thermal radiation on SWCNT nanoparticle move-
ment through a penetrable wedge. They found that
the thermal boundary layer thickness of water-
based SWCNT is larger than that of copper-based
NF. Shah et al.38 illustrated the action of radiation
on the MHD rotating movement of CNTs past a
stretching sheet and they found that temperature
enhancement is provided by thermal radiation.
Mahanthesh et al.39 compared the velocities and
temperature of Marangoni convective MHD °ow
of SWCNT and MWCNT nano°ows on a rotating
disk with solar radiation and an irregular heat
source. The velocity is slightly greater in case of
MWCNT-water nanoliquid than SWCNT-water
nanoliquid, but the Nusselt number of SWCNT-
water nanoliquid is greater than that of MWCNT-
water nanoliquid. Recently, they studied the e®ects
of cross-di®usion, heat source and magnetic ¯eld on
the slip °ow on a rotating deformable disk. Their
numerical solutions showed that MWCNT-nanoli-
quid velocities are higher than SWCNT-nanoliquid.
The temperature ¯eld for SWCNT-nanoliquid is
higher than that of MWCNT-nanoliquid. However,
there is acknowledge gap in how CNT types in
MHD a®ect thermal and °ow performance of MHD
over a permeable stretching/shrinking square sheet.
The e®ects of square stretching/shrinking porous
sheet on 3D MHD nano°ow with viscoelastic CNTs
are of importance in improving thermal e±ciency of
many applications, such as drug delivery and elec-
tronic devices.32,33,40–43 Although both NF with
CNTs and NFs on permeable stretching sheets have

been studied, they are separated. To the best of our
knowledge, non-Newtonian MHD °uid °ow with
CNTs on a permeable stretching/shrinking surface
has been explored.

A review of the currently available literature
sheds light on research gaps and inadequate
research. As far as the author's knowledge, there
has been no study on 3D viscoelastic CNTs °owing
past a permeable stretching/shrinking sheet while
considering the inclined MHD, radiation, heat
source/sink, suction/injection, slip condition and
mass suction/injection e®ects into account. To ¯ll
this gap, the novelty of the current research is to
analytically examine the e®ect of radiation, heat
source/sink, slip condition, and mass suction/
injection e®ects on 3D inclined MHD °ow of visco-
elastic CNTs over a stretching/shrinking sheet.
Then, with the help of similarity variables, the
given PDEs are turned into ODEs. Finally, the
ODEs will be solved analytically. An analytical
solution has advantages over numerical solutions
because the e®ects of physical parameters can
be easily implemented. Furthermore, we plotted
graphs to show the e®ect of pertinent parameters
on the action of the variables of state, such as
momentum and temperature pro¯les, and then we
reviewed them physically.

2. Mathematical Analysis

The magnetohydrodynamics of the non-Newtonian
°ow and heat transfer over a porous medium with
CNTs is investigated on a porous stretching/
shrinking sheet with a heat source/sink in Cartesian
coordinates (Fig. 1). The non-Newtonian °uids with
porous CNTs are on a porous stretching/shrinking
sheet. A magnetic ¯eld is applied to the non-
Newtonian °uids at an inclined angle, 	 .

Fig. 1. The con¯guration of the °ow ¯eld on stretching/
shrinking sheet.

U. S. Mahabaleshwar et al.
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2.1. Mass and energy conservation

2.1.1. Mass conservation44

r~q ¼ 0: ð1Þ

2.1.2. Momentum conservation

Equation for the momentum conservation is de¯ned
as follows44:

ð~qt þ ð~q:rÞ~qÞ ¼ �nfr2~q � �nf

K�nf
~q � �nfB

2
0

�nf
sin2ð	Þ~q

þr� þ 
0~q ð2Þ
where � is the Cauchy stress tensor. t is time, �nf ,
�nf and �nf are the dynamic viscosity, density and
electrical conductivity of the CNTs. For second-
grade °uid, � is de¯ned as follows44:

� ¼ �pI þ �A1 þ �1A2 þ �2A
2
1 ð3Þ

where A1 is the ¯rst order Rivlin–Ericksen tensor,
and A2 is the second-order Rivlin–Ericksen tensor.
Moreover �1 and �2 are the material constants for
viscoelastic °uid satisfying the following constraints:

�1 � 0; �1 þ �2 ¼ 0:

For the current °uid problem, the velocity vector is
de¯ned as follows44:

~q ¼ ½uðx; y; zÞ; vðx; y; zÞ;wðx; y; zÞ� ð4Þ

2.1.3. Heat conservation

The heat equation in the presence of radiation and
heat source/sink is as follows:

@T

@t
þ~qrT ¼ �nf

ð�CP Þnf
r2T � 1

ð�CP Þnf
@qr
@y

þQ0ðT � T1Þ
ð�CP Þnf

: ð5Þ

The following is a possible formulation for the
boundary layer equations45,46 in Cartesian coordinate
system:

@u

@x
þ @v

@y
þ @w

@z
¼ 0; ð6Þ

u
@u

@x
þ v

@u

@y
þ w

@u

@z

¼ �nf
@ 2u

@z2
þ 
0u

� �nf

K�nf
þ �nfB

2
0

�nf
sin2 	ð Þ

� �
u

þ k u
@ 2u

@x@z2
þ w

@ 3u

@z3

�

� @u

@x

@ 2u

@z2
þ @u

@z

@ 2w

@z2

�

þ2
@u

@z

@ 2u

@x@z
þ 2

@w

@z

@ 2u

@z2

��
ð7Þ

u
@v

@x
þ v

@v

@y
þ w

@v

@z

¼ �nf
@ 2v

@z2
þ 
0v

� �nf

K�nf
þ �nfB

2
0

�nf
sin2 	ð Þ

� �

þ k v
@ 3v

@y@z2
þ w

@ 2v

@z3

�

� @v

@y

@ 2v

@z2
þ @v

@z

@ 2w

@z2

�

þ2
@v

@z

@ 2v

@y@z
þ 2

@w

@z

@ 2v

@z2

��
ð8Þ

u
@T

@x
þ v

@T

@y
þ w

@T

@z
¼ �nf

ð�CP Þnf
@ 2T

@y2
� 1

ð�CP Þnf
@qr
@y

þ Q0ðT � T1Þ
ð�CpÞnf

; ð9Þ

where u; v and w indicate the velocity components
in x; y and z directions, respectively.

�nf signi¯es the e®ective viscosity, �nf the elec-
trical conductivity, �nf the density, �nf the dynamic
viscosity, B0 present the uniform magnetic strength
and kthe viscoelastic factor,

T is the temperature, �nf is the thermal conduc-
tivity, ð�CP Þ is the heat capacity, qr ¼ � 16��

3k �
@T 4

@y
indicates heat °uctuation and Q0 depict the heat
source/sink parameter.

2.1.4. Velocity and temperature boundary
conditions26,45

u ¼ daxþ l
@u

@z
; v ¼ byþ l

@v

@z
; w ¼ w0;

�k
@T

@z
¼ hðTw � T Þ; at z ¼ 0

u ! 0;
@u

@z
! 0; v ! 0;

@v

@z
! 0; T ! T1 as z ! 1

9>>>>>>>>>>>=
>>>>>>>>>>>;

: ð10Þ

Thermal Performance Analysis of Magnetohydrodynamics
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2.2. Normalized mass and energy
conservations

2.2.1. Dimensionless variables

The subsequent dimensionless variables are depic-
ted to mathematical study of the problem46:


 ¼
ffiffiffiffi
a

�

r
z;u ¼ axf
ð
Þ; v ¼ ayg
ð
Þ;

w ¼ � ffiffiffiffiffiffi
a�

p ½fð
Þ þ gð
Þ�; �ð
Þ ¼ T � T1
Tw � T1

;

9>>=
>>;; ð11Þ

where 
 is a similarity variable, a is a constant and fð
Þ
and �ð
Þ are dimensionless velocity and temperature,

respectively.

2.2.2. Normalized mass and energy
conservation equations

By substituting Eq. (11) in Eqs. (6)–(9), the govern-
ing PDEs are converted into the following forms15,16:

c1
c2

f


 þ f

ðf þ gÞ � f 2

 þ �f


� c1
c2

Da�1 þ c3
c2

Msin2ð	Þ
� �

f


þ �ff



ðf þ gÞ þ g

ðg

 � f

Þ
� 2g


ðf
 þ g
Þg ¼ 0; ð12Þ

c1
c2

g


 þ g

ðf þ gÞ � g2

 þ �g


� c1
c2

Da�1 þ c3
c2

Msin2ð	Þ
� �

g


þ �fg



ðf þ gÞ þ g

ðg

 � f

Þ
� 2g


ðf
 þ g
Þg ¼ 0; ð13Þ

ðc5 þNRÞ�

 þ Prc4�
ðf þ gÞ þNIPr� ¼ 0; ð14Þ
where Da�1 ¼ �f

�fKa, signi¯es the inverse Darcy

number, M ¼ �f B
2
0

�fa
is the Hartman number, NI ¼

Q0

að�CP Þf is the heat source/sink, NR ¼ 16� �T 31
3k��f

is the

radiation parameter, � ¼ ka
� is the viscoelastic pa-

rameter, � ¼ 
0
a is the porosity, L ¼ l

ffiffiffi
a
�

p
denote the

¯rst order slip andPr ¼ ð�CP Þf
�f

is the Prandtl number.

2.2.3. Boundary equations

f
ð0Þ ¼ dþ Lf

ð0Þ; fð0Þ ¼ VC ;

f
ð1Þ ! 0; f

ð1Þ ! 0;

g
ð0Þ ¼ cþ Lg

ð0Þ; g
ð1Þ ! 0; g

ð1Þ ! 0;

�
ð0Þ ¼ �Bi½1� �ð0Þ�; �ð1Þ ! 0;

9>>>=
>>>;
; ð15Þ

where VC ¼ � w0ffiffiffiffi
a�

p stands for the mass suction/in-
jection, VC > 0represents the suction and VC < 0
represents the injection.

2.2.4. The thermophysical properties of the
CNTs

For the equivalent electrical conductivity, the
Maxwell model is used. The expressions for the
CNTs thermophysical properties used in the present
study47 are de¯ned as follows:

Density:
�nf
�f

¼ 1� �þ � �CNT

�f

� �
Dynamic viscosity:

�nf

�f
¼ 1

ð1��Þ 2:5

Heat capacitance:
ð�CpÞnf
ð�CpÞf ¼ 1� �þ �

ð�CpÞCNT

ð�CpÞf

� �
,

Thermal conductivity:

�nf
�f

¼
1��þ2�

�CNT
�CNT��f

� �
ln

�CNTþ�f
2�f

� �
1��þ2�

�f
�CNT��f

� �
ln

�CNTþ�f
2�f

� �

Electrical conductivity:
�nf
�f

¼
3�

�CNT
�f

�1

� �
�CNT
�f

�2� �CNT
�f

�1

� �
�

� �
where �nf is the electrical conductivity of the NF,

and �np is the electrical conductivity of the nano-
particle. All the expressions for the nano°uidic
thermophysical properties depend on particle
volume fraction ð�Þ.

3. Analytical Solutions

3.1. Velocity solutions

Moreover, it is interesting to note that Eq. (12) has
a solution of the form

fð
Þ ¼ Vc þ
dð1� expð��
ÞÞ

�ð1þ L�Þ ð16Þ

and

gð
Þ ¼ dð1� expð��
ÞÞ
�ð1þ L�Þ : ð17Þ

The solutions de¯ned in Eqs. (16) and (17) satisfy
Eq. (15), then inserting these solutions into
Eq. (12), we get a remarkable equation

� ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2dc2
ðc1 � 2�dc2Þ

s
; ð18Þ

�2dð1þ ��2Þc2 þ ð1þ L�Þð�c2 � ðc1Da�1 þ c3Msin2ð	ÞÞÞ
� �ðVC � c1�þ c2�VC�

2Þ ¼ 0: ð19Þ

U. S. Mahabaleshwar et al.
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After simplifying Eqs. (18) and (19), we get the following

results:

� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2c2
2�c2 � c1

s
;

VC ¼
�2dc2ð1þ ��2Þ � ðc1Da�1 þ c3Msin2ð	Þ � �c2Þ

ð1þ L�Þ þ c1�2ð1þ L�Þ
�ð1þ ��2Þð1þ L�Þ :

ð20Þ
Additionally, the local skin friction coe±cient can be

deliberated as

f

ð0Þ ¼ g

ð0Þ ¼ � �d

ð1þ L�Þ : ð21Þ

3.2. Temperature solutions

In the presence of a temperature pro¯le with radia-
tion and absorption/generation, the energy equation
is de¯ned by using a new transformation

� ¼ � Pr

�2
expð��Y Þ; ð22Þ

The substitution of Eq. (22) into Eq. (14) yields

ðc5 þNRÞ���� þ ðc5 þNRÞ
	

�c4Pr
VC�ð1þ L�Þ þ d

�2ð1þ L�Þ
� �

þ dc4
1þ L�

�



��

þ NI

�2
��1

� �
� ¼ 0: ð23Þ

The boundary condition reduces to

Pr

�
�


Pr

�2

� �� �
¼ �Bi 1� �

Pr

�2

� �� �
; � 0ð Þ ¼ 0:

ð24Þ
Equation (25) satisfying the boundary condition (24)
is obtained in the form of Kummer's function:

�ð
Þ ¼ Bi expð�m�
ÞF1 Pm; kþ 1 Pr
� 2 expð��
Þ� �

ðBiþm�ÞF1 Pm; kþ 1 Pr
� 2 expð��
Þ� �

� Pm
1þk

� �
� Pr

�


 �
F1 Pmþ 1; kþ 2 Pr

� 2 expð��
Þ� �
;

ð25Þ
where Bi is the Biot number.

m ¼
c4PrAþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðc4PrAÞ � 4ðc5 þNRÞ NIPr

� 2

q
2ðc5 þNRÞ

;

k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðc4PrAÞ � 4ðc5 þNRÞ NIPr

� 2

q
ðc5 þNRÞ

A ¼ Vc�ð1þ L�Þ þ d

�2ð1þ L�Þ ;

P ¼ � dc4
ð1þ L�Þ :

4. Results and Discussion

The three-dimensional MHD °ow with heat transfer
through a stretching/shrinking sheet with radiation
as well as heat source/sink has been presented in
this work. Mathematically, we express a set of sys-
tems of PDEs (1)–(3), which are then converted
into a set of nonlinear ODEs using nondimensional
variables solved in the analytical method for
velocity and temperature pro¯le. Now, we present
results on the stretching/shrinking sheet problem
with heat transformers. Furthermore, a correlation
of the transverse and axial velocity of SWCNT as
well as MWCNT on the same ¯gure will help to
understand the e®ect of the CNTs, where solid
volume fraction will remain constant, while dashed
as well as solid lines represent the solution for
SWCNTs and MWCNTs, respectively. The ther-
mophysical properties of CNT are shown in Table 1,
and the Prandtl number for water is kept at 6.2.

4.1. E®ects of physical parameters,
Da�1,M and ¡ on velocity pro¯les

Figure 2 demonstrates the e®ects of the inverse
Darcy number, Da�1, on the mass suction/injection
Vc against the viscoelastic parameter � on the
stretching/shrinking sheet when M ¼ � ¼ 1, L ¼
’ ¼ 0:1 and 	 ¼ 45�. The red solid lines represent
MWCNT, and the black dotted lines represent
SWCNT. VC > 0 represents the suction, and VC < 0
does the injection. It can be seen that Vc on the
stretching sheet reduces as the Da�1 increases,
keeping other parameters ¯xed. Particularly, Vc

reduces to �19 from 10 at 
 ¼ 6 when Da�1

increases from �10 to 19. This can be explained by

Table 1. Physical properties of the base °uid and CNTs.48

Physical properties Fluid phase (water) SWCNT MWCNT

CP ðJ=KGkÞ 4179 425 796

�ðKg=m3Þ 997.1 2600 1600

�ðW=mKÞ 0.613 6600 3000

�ð�=mÞ�1 0.05 48 000 000 38 000 000

Thermal Performance Analysis of Magnetohydrodynamics
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the fact that the porous boundary layer becomes
injected from the suctions. Thus, the boundary
layer thickness also decreases when the inverse
Darcy number increases. However, there is no
change at 
 ¼ 0. A very small change is also found
between SWCNT and MWCNT.

Figure 3 demonstrates the e®ects of the ¯rst-
order slip (LÞ and the mass suction/injection Vc

versus viscoelastic parameter � when stretching and
shrinking sheet. The red solid lines indicate the °ow
patterns at L ¼ 0, and the black dashed lines indi-
cate the °ow patterns at L ¼ 1. It can be found that
the inverse Darcy number (Da�1) has signi¯cant
e®ects on the mass suction/injection Vc. The mass
°ow can change from injection to suction when the
inverse Darcy number increases to greater than 3 on
stretching sheets [Fig. 3(a)]. Furthermore, it can be
found that all the mass velocities shift down on the
stretching sheet when L increases to 1 from 0. How-
ever, all the mass transpiration velocities shift up for
the shrinking sheet when L increases to 1 from 0

[Fig. 3(b)]. Except for a small region of 
, theVc is in
the injection for most of the inverse Darcy number.

Figure 4 demonstrates the e®ects of the Hart-
mann number ðMÞ on the mass transpiration Vc

versus the viscoelastic parameter � on a stretching
sheet. The mass transpiration Vc decreases as M
increases. It should be noted that the decreases of Vc

increases as 
 increases. This is because the Hart-
mann Number is an important criterion in magneto-
hydrodynamics and expresses the ratio of the
induced electrodynamic (magnetic) force to the
hydrodynamic force of viscosity. When the Hart-
mann number increases, the boundary layer thick-
ness is enhanced, leading to the decreases of the
velocities. Furthermore, MWCNT increases slightly
the velocities compared to SWCNT.

Figure 5 depicts the e®ects of the porosity pa-
rameter (�) on the mass suction/injection Vc versus
viscoelastic parameter � for stretching sheet when
Da�1 ¼ M ¼ 1, L ¼ ’ ¼ 0:1 and 	 ¼ 45�. As the
porosity parameter (�) increases, the mass suction/
injection Vc increases. For stretching/shrinking
sheet with di®erent parameters, Da�1 ¼ M ¼ 1, L
¼ ’ ¼ 0:1 and 	 ¼ 45�. When comparing the
stretching sheet condition to the wall shrinking
sheet condition, it appears that a domain exists.
From Fig. 5, it can be noted that SWCNT attains a
higher impact than SWCNT.

4.2. E®ects of physical parameters,
Da -1,¡, and M, on the normalized
axial velocity f (´) against ´

Figure 6 shows the e®ects of the inverse Darcy
number (Da�1) on the normalized axial velocity f
ð
Þ when Da�1 ¼ M ¼ � ¼ L ¼ 1, ’ ¼ 0:1 and

(a) stretching sheet (d > 0) (b) shrinking sheet (d < 0)

Fig. 3. E®ects of the ¯rst-order slip ðLÞ and the inverse Darcy number (Da�1) on the mass suction/injection Vcwhen � ¼ M ¼ 1,
L ¼ ’ ¼ 0:1 and 	 ¼ 45�: (a) stretching and (b) shrinking sheet.

Fig. 2. Impacts of Da�1 on the mass transportation Vc versus
� when M ¼ � ¼ 1, L ¼ ’ ¼ 0:1 and 	 ¼ 45�.
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	 ¼ 45�. The normalized axial velocity decreases as
the inverse Darcy number Da�1 increases. It can be
seen that the normalized axial velocity reduces from
0.25 to �1 when Da�1 increases from 0 to 5.
Furthermore, the normalized axial velocity is larger
for SWCNT than for MWCNT. This is because
°uids through higher permeability porous media
di®use faster than lower permeability, leading to a
more gradual reduction of the velocity pro¯le with
distance. Fluid movement through porous materials
is involved in various processes, such as the
extraction in enhanced oil recovery, the water per-
meability of reservoir rocks and the permeability of
aquifers in groundwater hydrology.

Figure 7 shows the e®ects of the Hartmann
number M on the normalized axial velocity fð
Þ
versus 
. The normalized axial velocity reduces as
the Hartmann Number increases. This can be
explained by the Hartmann number M increase the
boundary layer thickness, leading to a decrease in
velocity. Furthermore, a higher M parameter in
magnetohydrodynamic °ows enhances the Lorentz
force, which inhibits °uid movement. As a result,
the °ow slows down more, causing a more swifter
reduction of the velocity pro¯le with distance. Fig-
ure 8 shows the e®ects of the porosity parameter (�)
on the normalized axial velocity fð
Þ when
Da�1 ¼ M ¼ � ¼ L ¼ 1, ’ ¼ 0:1 and 	 ¼ 45�. The
normalized axial velocity reduces as the porosity
parameter, �, increases. This is because increasing
the porosity parameter, �, increases the boundary
layer thickness. Furthermore, the normalized axial
velocities are larger for SWCNT than MWCNT.

Fig. 4. E®ects of the Hartmann number (MÞ on the mass
suction/injection Vc versus � when Da�1 ¼ � ¼ 1, L ¼ ’ ¼ 0:1
and 	 ¼ 45�.

Fig. 5. E®ects of the porosity parameter (�) on the mass suc-
tion/injection Vc versus viscoelastic parameter � for stretching
sheet when Da�1 ¼ M ¼ 1, L ¼ ’ ¼ 0:1 and 	 ¼ 45�.

Fig. 6. E®ects of the inverse Darcy number (Da�1) on the
normalized axial velocity fð
Þ when Da�1 ¼ M ¼ � ¼ L ¼ 1,
’ ¼ 0:1 and 	 ¼ 45�.

Fig. 7. E®ects of the Hartmann number (M) on the normal-
ized axial velocity fð
Þ when Da�1 ¼ M ¼ � ¼ L ¼ 1, ’ ¼ 0:1
and 	 ¼ 45�.
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The di®erence between SWCNT and MWCNT
increases as M increases and L decreases.

4.3. E®ects of thermal radiation NR, heat
source N I and M on �(´) versus ´

Figure 9 demonstrates the in°uence of thermal ra-
diation (NR) on the temperature, �ð
Þ, versus when

Da�1 ¼ M ¼ � ¼ � ¼ Bi ¼ L ¼ 1, NI ¼ �2, ’ ¼
0:1 and 	 ¼ 90�. This can be seen that �ð
Þ
increases with raising the values of NR. The higher
values of NR enhance the heat transfer in the °uid
movement due to an enhanced thermal boundary
layer. Furthermore, a higher radiation parameter
could absorb more radiant energy, and more heat is
transferred through radiation.

Figure 10 shows the e®ects of the heat source/
sink (NIÞ on the temperature, �ð
Þ, versus when


Da�1 ¼ M ¼ � ¼ � ¼ Bi ¼ L ¼ 1, NI ¼ �2, ’ ¼
0:1 and 	 ¼ 90�. The temperature decreases as the
heat source/sink (NI) decreases. This can be at-
tributed to the energy increase from increasing
heat sources. Figure 11 represents the e®ect of the
Hartmann number, M, on �ð
Þ. The temperature
increases as the quantity of M increases. The
higher Hartmann number means the higher Lor-
entz force and a kind of friction on the motion.
This, in turn, generates more heat energy, which
eventually enhances the temperature in the °ow.
Furthermore, increasing NR, and M can increase
the rate of heat transmission, which is true for both
stretching and shrinking surfaces. The temperature
for SWCNT is larger than for MWCNT for both
thermal radiation and heat sources. The di®erence
between SWCNT and MWCNT increases as 

decreases.

Fig. 8. E®ects of the porosity parameter (�) on the normal-
ized axial velocity fð
Þ versus viscoelastic parameter � for
stretching sheet when Da�1 ¼ M ¼ 1, L ¼ ’ ¼ 0:1 and
	 ¼ 45�.

Fig. 9. E®ects of thermal radiation (NR) on the temperature,
�ð
Þ, versuswhen
Da�1 ¼ M ¼ � ¼ � ¼ Bi ¼ L ¼ 1,NI ¼ �2,
’ ¼ 0:1 and 	 ¼ 90�.

Fig. 10. Impact of NI on �ð
Þ against 
 several values when
Da�1 ¼ M ¼ � ¼ � ¼ NR ¼ L ¼ 1, Bi ¼ 1, ’ ¼ 0:1 and
	 ¼ 90�.

Fig. 11. Impact of M changes on �ð
Þ at Da�1 ¼ � ¼
� ¼ Bi ¼ L ¼ 1, NI ¼ �2, ’ ¼ 0:1 and 	 ¼ 90�.
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4.4. Discussion

Non-Newtonian °uids have di±culties in numerical
modelling due to their yield stress and discontinu-
ous features. Thermal performance of nano-non-
Newtonian °uid MHD on permeable surface is
increasingly important in a wide range of applica-
tions, such as nanotechnology, drug delivery and
enhanced thermal management of electronic devi-
ces.12 However, their thermal performance is
uncertain due to complex interactions among NFs,
porous media, °ow and heat transfer. Electronics
cooling ensures reliable performance in devices like
smartphones and servers, porous coating enhances
durability and functionality in aerospace and bio-
medical implants, and drug delivery systems enable
precise, targeted therapies such as cancer treatment
or sustained-release medications.

The components of electronic devices have inte-
grated at higher levels. However, the high integra-
tions can lead to poor heat dissipation, heat
accumulation, and elevated temperatures, reducing
the e±ciency and reliability of electronic devices.
Permeable thermal interface materials are used to
¯ll the air gaps, and liquid phase change materials
(PCMs) to establish an e®ective heat conduction
channel between electronic components and reduce
the heat transfer resistance, and improve the heat
dissipation performance.41,42,49,50 Key design con-
siderations of permeable conductors and materials
are to endow °exible and stretchable conductors
with permeability.43 Therefore, studies of thermal
performance of nano °uid MHD on permeable sur-
face can be devoted to understanding the thermal
performance of permeable conductors and materials
in electronic devices. However, this study is limited
to a simple permeable stretching sheet. Further re-
search remains to be done into real phase materials.

Drug delivery brings therapeutic agents to the
tissue, organ or cell of interest for release and ab-
sorption.51 The primary purposes of drug delivery
systems are to improve pharmacological activity
and drug absorption across a cell membrane and
tissue. The absorption rate depends on the drug

particles, transport, permeability of tissue, concen-
tration gradient, degree of protein binding and lipid
solubility of the drug. Therefore, therapeutic drugs
could be encapsulated to protect their activation,
thereby enhancing their oral bioavailability and
therapeutic index.52 Heat transfer a®ects drug de-
livery in several ways, including how drugs are
released from carriers, how they di®use through the
body and how they are absorbed through the skin.
No matter what the absorption site, the drug must
penetrate the cell membrane to enter the systemic
circulation.53–55 Fick's second law could represent
the di®usion of drug agents between the capsule
core and the surrounding medium through the
membrane. Nanotechnology has the potential to
enhance the delivery of therapeutic agents into the
organs.40,52 Di®erent CNTs can a®ect the ther-
mophysical properties, such as thermal conduc-
tivity, di®usivity, viscosity, slip and adsorption/
desorption. Therefore, studies of thermal perfor-
mance of nano °uid MHD on permeable surface
would be useful for understanding the drug
absorption process and the a®ecting factors. This is
essential in achieving better drug delivery, the
concentration-e®ect relationship, establishment of
dosage regimens, drug absorption and therapeutic
e®ects.

5. Conclusions

In this study, we carry out a theoretical study of
inclined MHD and radiation e®ects on viscoelastic
CNT °ow across a porous stretching/shrinking
sheet. Also, the mass suction/injection parameter is
considered under Navier slip conditions. The gov-
erning PDFs of non-Newtonian °uid °ow and heat
transfer are established over a permeable stretch-
ing/shrinking surface. Using similarity variables,
the given PDEs are turned into ODEs and then
solved analytically. The present nano°ow model has
potential applications in healthcare materials,
medical devices and biosensors due to their higher
thermal e±ciency, chemical compatibility with

Table 2. Comparison of the current research and relevant studies by other authors.

Authors Fluids Value of �

Maranna et al.26 Non-Newtonian fðnÞ ¼ VC þ ð1�e��
Þ
�ð1þL�Þ

Mahabaleshwar et al.56 Non-Newtonian fðnÞ ¼ VC þ ð1þdÞð1�e��
Þ
�ð1þL1��L2�2Þ

Present work Non-Newtonian fð
Þ ¼ Vc þ dð1�expð��
ÞÞ
�ð1þL�Þ

Thermal Performance Analysis of Magnetohydrodynamics
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biomolecules, i.e., proteins and DNA. The key
conclusions are as follows:

. It can be found that the inverse Darcy number
has signi¯cant e®ects on the mass suction/injec-
tion Vc, and the mass °ow can change from
injection to suction.

. The results show that the ¯rst-order slip (LÞ
could signi¯cantly a®ect the mass Vc.

. The entire mass suction/injection velocities shift
up for the shrinking sheet when L increases to 1
from 0, but shift down for the stretching sheet.

. Furthermore, the CNT type slightly a®ects
the suction/injection velocity but a®ects the
normalized axial velocity.

. The larger the inverse Darcy number and the
Hartmann number, the larger the di®erence of the
axial velocity between SWCNT and MWCNT
becomes.

. Thermal radiation and heat sources have signi¯-
cant e®ects on the temperature pro¯les. The
temperature increases as thermal radiation and
the heat source/sink increase. The temperature of
the NFs with SWCNT is larger than that with
MWCNT when the thermal radiation and heat
sources are the same. This shows that the
SWCNT NFs can improve thermal performance
better. The produced velocities of MWCNT
deferred NFs are higher than those of SWCNT
deferred NFs, leading to lower heat convection.

Finally, it can be found that the °uid °ow in
SWCNT has a higher temperature than MWCNT
by using the induced slip condition. For the velocity
and temperature behavior in the absence of visco-
elastic °uid, porous medium and heat source/sink,
the present results can be reduced to those of
Maranna et al.26 and Mahabaleshwar et al.56 Table 2
shows a comparison with previous results.
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